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E + 0.104s35

E + 0.125s55
E

d31’(45o) = 0.354 (d11 + d13 – d35 + d15 – d33 – d31)
d31’(135o) = 0.354 (d11 + d13 – d35 – d15 + d33 + d31)

s13
E

s15
E

s35
E

d15

d35

(ZXw)  o

 = 22.5, 45 
TE-LE

s11
E’(22.5o) + s11

E’(–22.5o) =  1.457s11
E + 0.5s13

E

+ 0.0429s33
E+0.25s55

E

s11
E’(22.5o) – s11

E’(–22.5o) = 1.207s15
E + 0.207s35

E

s11
E’(45o) = 0.25s11

E + 0.5s13
E + 0.5s15

E + 0.25s33
E

+ 0.5s35
E + 0.25s55

E

d31’(–22.5o) + d31’(22.5o) = –0.271d15 + 1.58d31 + 0271d33

d31’(–22.5o) – d31’(22.5o) = 0.653d11 + 0.112d13 – 0.653d35

s13
E

s15
E

s35
E

d15

d35

TE-FS
s66

E’ = 1/4(2s11
E – 4s13

E + 2s33
E + s44

E + s66
E – 2s46

E)
– (1.924 10-5)(s12

E + s15
E – s23

E – s35
E)

s46
E

(YZtw)45o/45o

TE-LE
s11

E’ = 1/16(s11
E + s33

E + s55
E) + 1/14(s12

E + s22
E + s23

E

+ s25
E + s46

E) + 1/8(s13
E + s15

E + s35
E + s44

E + s66
E)

s25
E

(XYl)45o – 33
T’ = 1/2( 11

T – 2 13
T + 33

T) 13
T

Y-cut – 33
T’ = 22

T
22

T

*LE-TE (Longitudinal-effect thickness-extensional)

TE-LE (Transverse-effect length-extensional)

LE-FS (Longitudinal-effect face-shear)

TE-FS (Transverse-effect face-shear)
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( 13) TE-LE (d32, s22, 33)

TE-LE (s12)
TE-FS (s55, d15)

TE-LE (s25)

TE-FS (s46)

(YXt)0o

( 22)

2.11 m

. .

X

Y

Z

(ZXw)22.5o

(ZXw)45o

TE-LE (s13, s15, s35)

(ZXw)135o

TE-LE (d15, d35)

(ZXw)0o

(ZXw)-22.5o

Evaluation

Evaluation

2.12 m

. (ZXw) o(  = 22.5, 45, 135)

, (ZXw) o(  = 22.5, 45) .
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Z-bar
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LE-TE (d33)
LE-FS (d24, s44)

LE-FS (d26, s66)
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.
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s35
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d33 d15 d24 d26 d35 2
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s44
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s35
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22.5, 45, 135 22.5, 45)
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3

3.1

RCOB

(Surface Acoustic Wave: SAW) 1

R La Gd Y LaCa4O(BO3)3 ( LaCOB) GdCa4O(BO3)3

( GdCOB) YCa4O(BO3)3 ( YCOB)

(Czochralski: Cz)

2

m
1, 2)

3.2

3.3

3.4

3.5

3.2

3.2.1

(1)

(Czochralski: Cz)

1916 Czochralski
3)

Cz ( ) ( )

( )
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Cz

1)

2)

3)

4)

1)

2)  (

)

3)

Cz

(G20-

200K: ) 3.1

1500oC (

) 50 mm 50 mm

1 mm

Ar

LaCOB GdCOB YCOB 3.1

(Thermograviemetry-Differential Thermal Analysis: TG-DTA) 4)

La2O3 Y2O3 Gd2O3 1000oC CaCO3 B2O3
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500oC TG-DTA TG-

DTA2020S 3 (SB-2025D:
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3.2 3.2 TG-DTA

3.2 6)

R

R 7)

3.1   (a) (

1500oC ), (b) .
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Ar gas

Exhaust
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Al2O3 bubble
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(a)



- 48 -

3.1 *

LaCOB La2O3 CaCO3 B2O3 

GdCOB Gd2O3 CaCO3 B2O3

YCOB Y2O3 CaCO3 B2O3

* 99.99%

3.2

 LaCOB GdCOB YCOB 

LaCOB GdCOB YCOB 
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(2)

LaCOB GdCOB YCOB

1999 Qing Ye

YCOB R
8) YCOB

3.3 100

GdCOB YCOB

50 R = Lu Yb Nd La

Gd3+ Y3+ Dy (rVI = 0.0912 nm7))
6)

3.3 Gd3+ Y3+ Nd3+

Tm3+ Lu3+

DyCOB NdCOB TmCOB LuCOB

R

Qing Ye

J. J. Adams H. J. Zhang

La3+ LaCOB
9, 10) LaCOB

11)

LaCOB GdCOB YCOB

3.4 3.5 3.6

As-grown LaCOB

1.5~2.0 cm GdCOB 2.5~3.0 cm YCOB 1.5~2.0 cm

GdCOB YCOB 12-20)

2.5~4.0 cm LaCOB

J. J. Adams H. J. Zhang 9, 10)

2.5 cm 1.8 cm

LaCOB 3.4 2.5 cm

R La3+

LaCOB GdCOB YCOB

3.2.3 3.19 {101 }
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3.5 GdCOB . 2.5~3.0 cm.  .

3.6 YCOB . 1.5~2.0 cm.  .

3.7 2.5 cm LaCOB As-grown .

.
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3.2.2

(1)

b [010] X

(ISOMET: BUEHLER) b(ac)

3.8(a) b

X (M03XHF: )

X W Mo

Cu
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1 3 3.9(a) (b) LaCOB b

b 2
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A.2 2/m b 2
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(b ) 3.10 3.11
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3.8(b)

(MPC200: )

b

3.8 (a) X , (b) .  (a)

, . (b) .

(a) (b)
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3.9 (a)LaCOB b , (b) .

3.10 (a)GdCOB b , (b) .

3.11 (a)YCOB b , (b) .
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(a) (b) 

(a) (b)
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3.2.3

( )X, Y, Z

X Y Z a b c

RCOB m

b Y c Z a X

IEEE Standard on Piezoelectricity22)

m a c b Y c Z

Y Z X

X ac a c

3.18 m

X Y Z

X 2

b Y (200) (400)

a* (100 ) X Z Y

X 90o 3.18

X

X
23) ( )

24)

100 X 3.19 Y

3.2.1 2

1 (101) ( 120 ) ( 101 )

( 012 )

+X –X

3.20 3.21 3.22 LaCOB GdCOB

YCOB (b)–X (a)+X

3.20 LaCOB

2 –X

+X 2

RCOB

( ) 25)
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a

b = Y

c = Z

X
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01
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X . Y (X ) 2 .
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3.20 LaCOB  (a)+X , (b)–X .

3.21 GdCOB  (a)+X , (b)–X .

3.22 YCOB  (a)+X , (b)–X .

(a) (b)

X+X

(a) (b)

+X X

+ X X
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(1)
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(2)
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3.3

3.3.1

2 m

a, b, c X, Y, Z

2

(ISOMET: BUEHLER)

SUS (

: ) #2000 (C2000:

)

#2000

( : ) 3.0 m

1.5 m 0.5 m

(BMD-25DM, MDC-25M: Mitutoyo)

(VPS-020  QUICK COATER) Au

(800Å

1000 Å) Au

 = 0.05 mm Au (0.05MMDX1M: )

Ag ( : ) Ag

Au Au

Ag

Au 3.24

Au

(HP4194A: Hewlett Packard)
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Au wire

Au electrode

Ag paste

probe

probe

3.24 Au .

Au Ag ,

.

3.3.2
26)

2

3.25

2 4

2 (Mason )

Y (= G + jB) Z (= R + jX)

CLjRCjZ
Y

1

111

0                                  (3-1)

 = 2 f Y Z

(3.1) 2

Ym
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f Y Z 3.26

f Z 3.27

3.26 3.27

fm fn |Y | (fm) (fn)

fs fp Y G (fs)

Z R (fp)

fr fa 0 (fa) (fr)

f1 f2 Y B
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fs fp 3.25
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                                         (3-2) 

fr fa fr < f < fa

f fa – fr

1

Qm

122

1

ff

f

RCf
Q s

s

m                                              (3-3) 

Qm

(Electromechanical coupling 

coefficient) k d [C/N] T F/m] s
E

[m2/N]

ET s

d
k

2

                                                       (3-4) 
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N [kHz·mm] N

3.28 1
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3.3.3

m 4

11
T

22
T

33
T

X Y Z

13
T 1 3

13
T 3.29

(XYl)45o
33

T’ (3-5) 13
T

(XYl)135o
33

T’  (3.6)

TTTT
XYl 331311

'

33
o 2

2

1
:45                                        (3-5) 

TTTT
XYl 331311

'

33
o 2

2

1
:135                                      (3-6) 

(XYl)45o

+X
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+Z

45o

Electric field

3.29 13
T (XYl)45o. 33

T’

13
T .

(HP4194A: Hewlett Packard)
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t

A
C

T
T  [F]                                                      (3-7) 

A  [m2] t  [m] 

LaCOB GdCOB YCOB ( ij
T) 3.6

R

3.30 3.31 RCOB Y

X Z

13
T

ij
T

ij
S

ij
S/ 0 RCOB ij

T

ij
S 3.7 RCOB

( 11
S/ 0~4.4, 33

S/ 0~4.6) LBO( 11
S/ 0~8.9, 33

S/ 0~8.1)

(LN, LT )

RCOB

3.6 RCOB ij
T / 0 [–] 

ij 11 22 33 13 

La 9.87 14.3 9.87 1.2

Gd 10.5 14.0 10.4 0.80

Y 9.57 11.4 9.52 – 0.96

3.7 RCOB ij
S / 0 [–]

RCOB

m 32 4mm 3m

ij LaCOB GdCOB YCOB LBO LN LT 

11 8.94 9.39 8.86 4.420 8.90 44.3 42.6 
22 13.6 13.8 10.8 4.420 8.90 44.3 42.6 
33 9.73 9.54 9.41 4.628 8.07 27.9 42.8 
13 1.3 0.45 – 0.70 – – – – 

– – – 27) 28) 29) 
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3.3.4

2 LaCOB GdCOB

YCOB

d11 d33

(1) d11 d33

m d11 d33

X-bar Z-bar (LE-TE) 2

LaCOB X-bar(l = 2.80 mm w = 3.09 mm t = 0.823 mm)

Z-bar(l = 3.86 mm w = 3.34 mm t = 1.08 mm)

3.32 3.33 LE-TE

k LaCOB

k11 4.6% k33 3.8% (

k11~7.5%(LNG) k33~16%(LN))

LaCOB d11 1.4 pC/N d33 1.1 pC/N

Qm 3892 3586

25oC LaCOB RCOB k11(d11,

Qm) k33(d33, Qm) RCOB
30)

RCOB 11
T/ 0 33

T/ 0 10

C
T

fp (fa) (

) 33
T’ k33’ d33’

3.34

Z-bar t C
T

C
T

10 kHz C
T

Z-bar 3.547 mm

3.277 mm A 11.6 mm2
t

C
T

C
T

t 3

3 t C
T

t = 5 mm

0.3 pF t C
T

2 t C
T

(~0.1 pF) t C
T

1 2

(3-7) C A t

1 2
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t 2

LE-TE d33’ 33
T’

2

3 t

C m RCOB

( PZT

) d11 d33

32

d12 = –d11

TE-LE d31’ d33’

d11

3.32 LaCOB X-bar  (a) , (b)LE-TE

.
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3.33 LaCOB Z-bar  (a) , (b)LE-TE

.
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(2) d33/d31 d11 d33

(1) d33
2)

d33

d33 PIEZOTEST PM100

d31 d33/d31 ( 3.35(a))

3.35(b)

d33’

d33’ d31’ 3.36 d33

d33’

d33’

d33’ = d33 a d31 b d32

a~0 b~0

d33’ = d33 d31

0.25 N d33

d11 d33 d31 d12 d13 d31 d32

d33/d31 meter (PM100)

+

Polarization

d33 > 0d33 < 0

3.35 d33/d31  (a) , (b) .

Probe
d33 mode

Probe
Au electrode

Probe

Mechanical vibration

Au wire

Ag paste

Au electrode

d31 mode

d33’ d33’
d31’

+

Mechanical vibration

–

Au wire

3.36 d33/d31 d33 d31 .

(a) (b) 
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d33 d11 d33 LaCOB d11 = 2.1 

pC/N d33 = 1.5 pC/N GdCOB d11 = 2.8 pC/N d33 = 2.5 pC/N

YCOB d11 = 1.4 pC/N d33 = 0.8 pC/N d33

0.1 pC/N d33 d33’

d33’

LaCOB d33 d11 = 2.1 pC/N d33 = 

1.5 pC/N d11 = 1.4 pC/N d33 = 1.1 pC/N

d33 ( 0.1 pC/N)

d33’

33
T’( C

T)

d33’

d e

RCOB d

e 3.8

e d

d GdCOB

d15 d24 d26 d35

GdCOB e 3.8

RCOB

e11 e33 1 2

3.8 RCOB e11 e33

RCOB

m 32 4mm 3m

eij [C/m2] LaCOB GdCOB YCOB LBO LN LT 

11 0.31 – 0.08 0.1719 – – – 
33 0.09 – 0.08 – 0.928 1.33 1.09 

– – – 27) 28) 29) 



- 79 -

d31 d31

(3-8) d12 d13 d31 d32

3.2.3 LaCOB

GdCOB YCOB d12

m d11 d33
22)

1 (X ) d11 1

1

3 1 3

d31 3 (Z )

d33 d11 3

3 1 1

d13 1 3

d12 d32 2 (Y )

2 m d2j = 0 (j = 1, 2, 3, 5)

2 2

1 3 1 3

d12 d32

d33/d31 d31 d12

2 (Y ) 1 3

Y m

d12

m RCOB

333231

131211

ddd

ddd

                                                    (3-8) 

(3)

2

(TE-LE)

(ZYw)0o (ZXw)0o (XYt)0o (XZw)0o 4

4 TE-LE

s11
E

s22
E

s33
E

d12 d13 d31 d32

3

LaCOB YCOB
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(ZYw)0
o

2 TE-LE s22
E

d32 ( 33
T)

LaCOB (ZYw)0o 3.37

l = 9.39 mm w = 4.59 mm t = 1.31 mm (a)

(b) TE-LE (a)

TE-LE

d31’(= d32) d32’(= d31) d33’(= d33) d34’(= –d35)

d31’(TE-LE ) d32’(TE-WE )

TE-LE

fs(= 322.078 kHz) fp(= 323.027 kHz) s22
E = 

7.78 10–12 m2/N d32 = –2.22 pC/N k32 = 8.5% Qm = 8776

Qm LBO Qm5800

LaCOB k32(8.5%) LBO

ks(25%)

3.37 LaCOB (ZYw)0o  (a) , (b)TE-LE

.
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YCOB (ZYw)0o 3.38 l = 13.9 

mm w = 5.18 mm t = 1.53 mm (a)

(b) TE-LE LaCOB

TE-LE fs(= 237.833 

kHz) fp(= 238.687 kHz) s22
E = 6.91 10–12

m2/N d32 = –2.27 pC/N k32 = 9.4% Qm = 3250

(ZYw)0o
s22

E
d32

k32 Qm 3.9

3.38 YCOB (ZYw)0o  (a) , (b)TE-LE

.

3.9 RCOB (ZYw)0o

LaCOB GdCOB YCOB 

s22
E [ 10–12 m2/N] 7.78 7.15 6.91 

d32 [pC/N] –2.22 –2.40 –2.27 

k32 [%] 8.5 8.1 9.4 

Qm [–] 8776 – 3250 
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(ZXw)0
o

2 TE-LE s11
E

d31 ( 33
T)

LaCOB (ZXw)0o 3.39

l = 14.9 mm w = 9.47 mm t = 1.12 mm (a)

(b) TE-LE

d31’(= d31) d32’(= d32) d33’(= d33) d35’(= d35)

d31’(TE-LE ) d32’(TE-WE )

(a) TE-LE

TE-LE fs(= 191.571 kHz)

fp(= 191.601 kHz) s11
E = 8.82 10–12 m2/N d31 = –0.549 pC/N k31 = 2.0%

Qm = 5025

3.39 LaCOB (ZXw)0o  (a) , (b)TE-LE

.
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YCOB (ZXw)0o 3.40 l = 10.8 

mm w = 7.13 mm t = 2.13 mm (a)

(b) TE-LE LaCOB

TE-LE fs(= 303.782 

kHz) fp(= 303.789 kHz) s11
E = 7.15 10–12 m2/N d31 = –

0.202 pC/N k31 = 0.80% Qm = 3600

(ZXw)0o
s11

E
d31

k31 Qm 3.10

3.40 YCOB (ZXw)0o  (a) , (b)TE-LE

.

3.10  RCOB (ZXw)0o

LaCOB GdCOB YCOB 

s11
E [ 10–12 m2/N] 8.82 7.60 7.15 

d31 [pC/N] –0.549 –0.770 –0.202 

k31 [%] 2.0 2.9 0.80 

Qm [–] 5025 – 3600 

0 1000 2000 3000 4000 5000
10

3

10
4

10
5

10
6

-90

-60

-30

0

30

60

90
YCOB (ZXw)0

o

at 23
o
C

P
h

a
s
e

, 
 (

d
e

g
.)

Im
p

e
d

a
n

c
e

,
Z

 (
)

Frequency (kHz)

TE-WE

TE-LE

0 1000 2000 3000 4000 5000
10

3

10
4

10
5

10
6

-90

-60

-30

0

30

60

90
YCOB (ZXw)0

o

at 23
o
C

P
h

a
s
e

, 
 (

d
e

g
.)

Im
p

e
d

a
n

c
e

,
Z

 (
)

Frequency (kHz)

TE-WE

TE-LE

303.6 303.7 303.8 303.9
100

120

140

160

180

200

-90

-60

-30

0YCOB (ZXw)0
o

at 23
o
C

P
h

a
s
e

,
 (

d
e

g
.)

Im
p

e
d

a
n

c
e

,
Z

 (
)

Frequency (kHz)
303.6 303.7 303.8 303.9

100

120

140

160

180

200

-90

-60

-30

0YCOB (ZXw)0
o

at 23
o
C

P
h

a
s
e

,
 (

d
e

g
.)

Im
p

e
d

a
n

c
e

,
Z

 (
)

Frequency (kHz)

(a)

(b)



- 84 -

(XYt)0
o

2 TE-LE d12 (s22
E, 11

T)

LaCOB (XYt)0o 3.41

l = 13.6 mm w = 5.17 mm t = 0.834 mm (a)

(b) TE-LE

d31’(= d12) d32’(= d13) d33’(= d11) d34’(= d15)

d31’(TE-LE ) d32’(TE-WE )

(a) TE-LE

TE-LE fs(= 222.471 kHz)

fp(= 224.541 kHz) d12 = 3.89 pC/N k12 = 15% Qm = 8178

Qm LBO

Qm5800 k12 15% LBO

ks(25%) LaCOB

3.41 LaCOB (XYt)0o  (a) , (b)TE-LE

.
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YCOB (XYt)0o 3.42 l = 8.73 

mm w = 4.09mm t = 1.00 mm (a)

(b) TE-LE LaCOB

TE-LE fs(= 377.879 

kHz) fp(= 381.685 kHz) d12 = 3.82 pC/N k12 = 16% Qm = 

167

(XYt)0o
d12 k12

Qm 3.11

3.42 YCOB (XYt)0o  (a) , (b)TE-LE

.

3.11  RCOB (XYt)0o

LaCOB GdCOB YCOB 

d12 [pC/N] 3.89 4.80 3.82 

k12 [%] 15 16 16 

Qm [–] 8178 – 167 
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(XZw)0
o

2 TE-LE s33
E

d13 ( 11
T)

LaCOB (XZw)0o 3.43

l = 9.15 mm w = 5.62 mm t = 0.408 mm (a)

(b) TE-LE

d31’(= d13) d32’(= d12) d33’(= d11) d35’(= d15)

d31’(TE-LE ) d32’(TE-WE )

(a) TE-LE

fs(= 291.110 kHz) fp(= 294.912 

kHz) s33
E = 10.10 10–12 m2/N d13 = –3.89 pC/N k13 = 18% Qm = 2132

3.43 LaCOB (XZw)0o  (a) , (b)TE-LE

.
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YCOB (XZw)0o 3.44 l = 18.7 

mm w = 7.56 mm t = 0.939 mm (a)

(b) TE-LE LaCOB

TE-LE fs(= 158.004 

kHz) fp(= 159.557 kHz) s33
E = 8.79 10–12 m2/N d13 = –

4.16 pC/N k13 = 15% Qm = 2982

(XZw)0o
s33

E
d13

k13 Qm 3.12

3.44 YCOB (XZw)0o  (a) , (b)TE-LE

.

3.12  RCOB (XZw)0o

LaCOB GdCOB YCOB 

s33
E [ 10–12 m2/N] 10.10 8.94 8.79 

d13 [pC/N] –3.89 –3.80 –4.16 

k13 [%] 18 12 15 

Qm [–] 2132 – 2982 
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2 4 TE-LE

s11
E

s22
E

s33
E

d12 d13 d31 d32

RCOB d12 d13 d31 d32 3.45

4 d12

d13 k12 15% k13 17%

k31 1~2% k32 9% LaCOB

(ZYw)0o (XYt)0o TE-LE 8000 Qm

LBO Qm5800

(XYt)0o TE-LE k12~15%

Qm~8100

d11 d33 d12 d13 d31 d32

e12 e13 e31 e32 3.13

GdCOB e d11 d33

e12 e13

RCOB e31 e32

e31 k31 1~2%

e32 KN 1 KN

k32~15% RCOB ~9%

3.46 sij
E (i = j = 1, 2, 3) R

LaCOB R

(X Y Z )

3.47 R

Y b Z c

s22
E

b ( 3.47(b)) s33
E

c ( 3.47(c)) X a

11o
a s11

E

a b c

32)

3.13 RCOB e12 e13 e31 e32

RCOB

m mm2 4mm 3m

eij [C/m2] LaCOB GdCOB YCOB KN LBO LN LT 
12 0.73 – 0.49 – – – –
13 –0.29 – –0.46 – – – –
31 –0.04 – –0.03 2.46 0.290 0.23 –0.38
32 –0.21 – –0.32 –1.1 – – –

– – – 31) 28) 29) 
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3.47 RCOB  (a) a , (b) b

, (c) c
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(4)

s44
E

d24 Y (XZw)0o

(LE-FS) s66
E

d26 Y (ZXw)0o

LE-FS 2

(

)

2 2.3.3 2 m

m (XYt)45o

TE-FS TE-LE s23
E

s44
E

(ZXt)45o TE-FS TE-LE s12
E

s66
E (XYt)45o TE-FS

s66
E’ s22

E
s33

E
s23

E TE-LE

s11
E’ s23

E
s22

E
s33

E
s44

E (ZXt)45o

TE-FS s66
E’ s11

E
s22

E
s12

E TE-LE

s11
E’ s12

E
s11

E
s22

E
s66

E

LaCOB (ZXt)45o( l = 11.9 mm w = 4.89 mm

t = 0.989 mm) TE-FS

s12
E –6.64 10–12 m2/N TE-LE

s66
E 28.3 10–12 m2/N s12

E

s12
E 0 –2.0 10–12 m2/N

A.6

( ) (l w t) (fs

fp)

s12
E

s66
E

s12
E

2

33)

(XYt)45o (ZXt)45o

s44
E

s66
E LE-FS

2 d2j (j = 1, 2, 3, 5) = 0 m

d24 s44
E

d26 s66
E

s12
E

s23
E

(YXw)45o TE-LE (ZYw)45o TE-LE

2
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Y (XZw)0
o

LaCOB Y (XZw)0o 3.48

l = 14.3 mm w = 2.97 mm t = 1.39 mm (a)

(b) LE-FS (d26’)

33)
d26’(= d24) d24’(= d26) 2

LE-FS

(a)

LE-FS (d26’)

LE-FS (d26’) fs(= 490.883 kHz)

fp(= 490.978 kHz) s44
E = 33.8 10–12 m2/N d24 = 0.45 pC/N k24 = 

2.2% Qm = 26

3.48 LaCOB Y (XZw)0o  (a) ,

(b)LE-FS (d26’) .
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YCOB Y (XZw)0o 3.49

l = 11.2 mm w = 3.67 mm t = 1.78 mm (a)

(b) LE-FS (d26’)

LaCOB d26’(= d24) d24’(= d26) 2 LE-FS

(a)

LE-FS (d26’) 400kHz

LE-FS (d26’) fs(= 401.708 kHz)

fp(= 401.887 kHz) s44
E = 35.2 10–12 m2/N d24 = –2.61 pC/N k24 = 

3.3% Qm = 75

3.49 YCOB Y (XZw)0o  (a) ,

(b)LE-FS (d26’) .
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Y (ZXw)0
o

LaCOB Y (ZXw)0o 3.50

l = 14.5 mm w = 3.33 mm t = 1.55 mm (a)

(b) LE-FS (d26’)

Y  (XZw)0o
d26’(= d26) d24’(= d24) 2 LE-FS

(a)

LE-FS (d26’) 600kHz

LE-FS (d26’) fs(= 607.962 kHz)

fp(= 617.417 kHz) s66
E = 17.6 10–12 m2/N d26 = 10.6 pC/N k26 = 19% Qm

= 214

3.50 LaCOB Y (ZXw)0o  (a) ,

(b)LE-FS (d26’) .
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YCOB Y (ZXw)0o 3.51

l = 13.9 mm w = 3.69 mm t = 1.80 mm (a)

(b) LE-FS (d26’)

LaCOB d26’(= d26) d24’(= d24) 2 LE-FS

(a)

LE-FS (d26’) 620kHz

LE-FS (d26’) fs(= 620.361 kHz) fp(= 

626.244 kHz) s66
E = 14.6 10–12 m2/N d26 = 8.02 pC/N k26 = 15% Qm = 

260

3.51 YCOB Y (ZXw)0o  (a) ,

(b)LE-FS (d26’) .
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2 LE-FS

s44
E

s66
E

d24 d26

GdCOB

d24 d26 d15 d35 d1j (j = 1, 2, 

3) d3j (j = 1, 2, 3) d33/d31

d31 d24 d26

A.6

d24 d26 2

2

2.5

( 6 ) d24

6

3.14 s44
E

s66
E

sij
E(i = j

= 1, 2, 3) 2 3

d26 d24

k24 2~3% k26 15~19% LaCOB

YCOB d24 d26 e24 e26

3.15

e24 KN e24 11.7 C/m2

RCOB e24 KN LBO LN LT

e26 1

m 3 32 6 6m2 32

LGS LTG LNG

e26 –0.1719 C/m2 0.4~0.5 C/m2

RCOB e26
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3.14 RCOB s44
E

s66
E

d24 d26

LaCOB GdCOB YCOB 

s44
E [ 10–12 m2/N] 33.8 27.9 35.2 

s66
E [ 10–12 m2/N] 17.6 17.8 14.6 

d24 [pC/N] 0.45 – –2.61 

k24 [%] 2.2 – 3.3 

d26 [pC/N] 10.6 – 8.02 

k26 [%] 19 – 15 

3.15 RCOB e24 e26

e24 [C/m2] e26 [C/m2]

LaCOB –0.01 0.60 – 
RCOB m

YCOB –0.13 0.58 – 
mm2 KN 11.7 – 31) 
4mm LBO 0.472 – 28) 

LN 3.76 – 
3m

LT 2.72 – 
29)

– –0.1719 27) 
LGS – 0.405 34) 
LTG – 0.468 35) 

32

LNG – 0.44 36) 
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(5) s12
E
, s23

E
, s55

E

 (YXw)45o (ZYw)45o TE-FS TE-LE s12
E

s23
E

s55
E 2 s55

E

TE-FS s12
E (YXw)45o TE-LE s23

E

(ZYw)45o TE-LE

(YXw)45
o

d3j’(j = 1~6)

LaCOB (YXw)45o 3.52 l = 

7.31 mm w = 3.66 mm t = 0.742 mm (a)

(b) TE-LE (c) TE-FS

(a) TE-LE

450 kHz TE-FS TE-LE fs

fp 410.189 kHz 410.250 kHz s11
E’ = 

8.01 10–12 m2/N Qm = 1418 TE-LE s11
E’

s11
E

s22
E

s66
E

s12
E = –1.07 10-12 m2/N TE-FS

fs fp 450.489 kHz 451.145 kHz

s66
E’ = 26.4 10–12 m2/N Qm = 1980 TE-FS

s66
E’ s44

E
s55

E = 19.1 10–12 m2/N

YCOB (YXw)45o 3.53 l = 

10.7 mm w = 5.34 mm t = 1.32 mm (a)

(b) TE-LE (c) TE-FS

LaCOB TE-LE

300kHz TE-FS TE-LE

fs fp 273.146 kHz 273.215 kHz

Qm 1121 s11
E’(= 8.01 10–12 m2/N) s11

E
s22

E

s66
E

s12
E

s12
E = –0.345 10–12 m2/N TE-FS

fs fp 304.611 kHz

304.854 kHz s66
E’ = 28.9 10–12 m2/N Qm = 1559

s66
E’ s44

E
s55

E
s55

E = 22.7 10–12 m2/N

YCOB d15 TE-FS

d36’(2.31 pC/N) d24 d15 d15 = –7.2 pC/N

d15 d24 d26
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3.52 LaCOB (YXw)45o  (a) , (b)TE-LE

, (c)TE-FS .
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3.53 YCOB (YXw)45o  (a) , (b)TE-LE

, (c)TE-FS .
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(ZYw)45
o

(YXw)45o
d3j’(j = 1~6)

LaCOB (ZYw)45o 3.54 l = 

11.5 mm w = 5.29 mm t = 1.40 mm (a)

(b) TE-LE (c) TE-FS

s55
E TE-FS (YXw)45o

(c)

TE-LE TE-LE fs fp

210.475 kHz 210.484 kHz s11
E’ = 12.3 10–12 m2/N

Qm = 4531 TE-LE s11
E’ s22

E
s33

E
s44

E

s23
E

s23
E = –1.17 10–12 m2/N

YCOB (ZYw)45o 3.55 l = 

16.9 mm w = 5.94 mm t = 1.46 mm (a)

(b) TE-LE (c) TE-FS

TE-LE 170kHz

TE-FS TE-LE fs

fp 146.165 kHz 146.313 kHz s11
E’ = 12.4 10–12

m2/N Qm = 5707 TE-LE s11
E’ s22

E
s33

E

s44
E

s23
E

s23
E = –0.680 10–12 m2/N (YXw)45o

YCOB d35 (ZYw)45o TE-FS

TE-FS fs fp

173.772 kHz 173.861 kHz d36’(2.89 pC/N) d26

d35 d35 = 2.24 pC/N d35 d24

d26
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3.54 LaCOB (ZYw)45o  (a) , (b)TE-LE

, (c)TE-FS .
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3.55 YCOB (ZYw)45o  (a) , (b)TE-LE

, (c)TE-FS .
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(5) s12
E

s23
E

s55
E 3.16

sij
E (i = j = 1~6)

s12
E

s23
E

R

3.56 sij
E (i = j = 1, 2, 3) R

LaCOB R

(X, Y, Z )

R

sij
E (i = j = 4, 5, 6)

sij
E (i = j = 1, 2, 3) sij

E (i = j = 4, 5, 6)

sij
E (i = j = 4, 5, 

6) sij
E(i = j = 1, 2, 3) 2 3

LaCOB YCOB

sij
E (i = j = 1~6) cij

E(i

= j = 1~6) 3.17

cij
E(i = j = 1, 2, 3) LN LT LBO

RCOB

cij
E(i = j = 4, 

5, 6) c44
E 1

c66
E LN LT

LBO 3

3.16 RCOB s12
E

s23
E

s55
E

LaCOB GdCOB YCOB 

s12
E [ 10–12 m2/N] –1.07 –1.17 –0.345 

s23
E [ 10–12 m2/N] –1.17 –4.62 –0.680 

s55
E [ 10–12 m2/N] 19.1 23 22.7 
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44

R = Y LaGd

s
22

s
11

s
33

3.56 RCOB . R

, sij
E(i = j = 1~6). 

3.17 RCOB cij
E(i = j = 1~6)

cij
E

[ 1011 N/m2]
LaCOB YCOB LBO LN LT 

c11
E 1.28 1.60 1.350 0.867977 2.030 2.298

c22
E 1.47 1.47

– – – –

c33
E 1.11 1.32 0.568 1.057816 2.424 2.798

c44
E 0.30 0.29 0.585 0.582231 0.595 0.968

c55
E 0.58 0.45

– – – –

c66
E 0.57 0.70 0.467 0.398817 0.728 0.929

– –
28) 27) 29) 
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(6) (ZXw)
o

2 TE-LE

s13
E

s15
E

s35
E 2

 = 22.5o 45o 135o  = 

22.5o 45o YCOB  = 135o TE-LE

m Y

Y

1.2(d) RCOB

LaCOB

YCOB

LaCOB GdCOB s13
E

s15
E

s35
E (ZXw) o(  = 

22.5, 45, 135) TE-LE LaCOB

  = 22.5o
l = 9.481 mm w = 2.99 mm t = 0.791 mm   = 45o

l = 

11.5 mm w = 7.55 mm t = 2.04 mm   = 135o
l = 10.4 mm w = 2.55 mm t = 

0.773 mm d36’ = 0

TE-LE 3.57 3.58 3.59

LaCOB (ZXw) o  = 45o 135o 22.5o (a) (b)

 = 45o TE-

LE fs fp 258.323 kHz 260.401

kHz s11
E’(45o) = 8.08 10–12 m2/N d31’(45o) = 3.9 pC/N Qm = 

8580  = 135o TE-LE fs

fp 281.543 kHz 281.963 kHz s11
E’(135o) = 8.34

10–12 m2/N d31’(135o) = 1.6 pC/N Qm = 3502  = 22.5o

TE-LE fs fp 299.224 kHz

300.123 kHz s11
E’(22.5o) = 8.90 10–12 m2/N d31’(22.5o) = 2.6 pC/N

Qm = 1672 3 k31’

Qm s11
E’ d31’ 3.18  = 45º TE-LE

k31 = 14% Qm = 8580 3.18

3 s11
E’ 2 2.5 s13

E = –2.6 10–12

m2/N s15
E = 1.08 10–12 m2/N s35

E = –1.33 10–12 m2/N d31’(45o)

d31’(135o) d15 = –6.9 pC/N d35 = –4.0 pC/N
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3.18 LaCOB (ZXw) o(  = 22.5, 45, 135) TE-LE

(ZXw) o  = 22.5  = 45  = 135 
k31’ [%] 8.6 14 6.1 

Qm [–] 1672 8580 3502 
s11

E’ [ 10–12 m2/N] 8.90 8.08 8.34 
d31’ [pC/N] 2.6 3.9 1.6 

3.57 LaCOB (ZXw)45o  (a) ,

(b)TE-LE .
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3.58 LaCOB (ZXw)135o  (a) ,

(b)TE-LE .
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3.59 LaCOB (ZXw)22.5o  (a) ,

(b)TE-LE .
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YCOB s13
E

s15
E

s35
E (ZXw) o(  = 22.5, 45) TE-LE

YCOB   = –22.5o

l = 14.6 mm w = 6.29 mm t = 1.47 mm   = 22.5o
l = 11.7 mm w = 7.29 mm t = 

1.09 mm   = 45o
l = 10.9 mm w = 8.18 mm t = 1.13 mm

d36’ = 0 TE-LE

3.60 3.61 3.62 YCOB (ZXw) o  = 45o –22.5o

22.5o LE-TE (a) (b)

 = 45o TE-LE

fs fp 281.091 kHz 281.575 kHz

s11
E’(45o) = 8.06 10–12 m2/N d31’(45o) = 1.6 pC/N Qm = 830  = –22.5o

TE-LE fs fp 214.182 kHz

214.759 kHz s11
E’(–22.5o) = 7.87 10–12 m2/N d31’(–22.5o) = 2.2 pC/N Qm = 

4038  = 22.5o TE-LE fs

fp 279.057 kHz 279.719 kHz s11
E’(22.5o) = 7.22 10–12

m2/N d31’(22.5o) = 1.8 pC/N Qm = 1205 3

k31 Qm s11
E’ d31’ 3.19

k31’ 6~8%

Qm (ZXw)–22.5o 4000 3.19 3

s11
E’ 2 2.5 s13

E = –2.8 10–12 m2/N s15
E = 

0.74 10–12 m2/N s35
E = –1.18 10–12 m2/N YCOB d15 d35

(YXw)45º (ZYw)45º

3.19 YCOB (ZXw) o(  = 22.5, 45) TE-LE

(ZXw) o  = –22.5  = 22.5  = 45 
k31’ [%] 8.1 7.6 6.5 

Qm [–] 4038 1205 830 
s11

E’ [ 10–12 m2/N] 7.87 7.22 8.06 
d31’ [pC/N] 2.2 1.8 1.6 
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3.60 YCOB (ZXw)45o  (a) ,

(b)TE-LE .
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3.61 YCOB (ZXw)–22.5o  (a) ,

(b)TE-LE .
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3.62 YCOB (ZXw)22.5o  (a) ,

(b)TE-LE .
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(7) (YZtw)45
o
/45

o
s25

E
s46

E

s25
E

s46
E

2 (YZtw)45o/45o TE-LE TE-FS

s11
E’ s66

E’ s25
E

s46
E

LaCOB (YZtw)45o/45o
l = 8.00 mm w = 3.17 mm t = 1.56 

mm 3.63 (a)

(b) TE-LE (c) TE-FS

TE-LE

TE-FS (370 kHz ) (540 kHz )

TE-LE TE-FS

TE-LE fs fp

318.898 kHz 319.713 kHz s11
E’ = 11.0 10–12 m2/N k31’ = 

7.9% Qm = 2281 s11
E’

2 2.5 s25
E = 3.40 10–12 m2/N TE-FS

fs fp 539.830 kHz

540.970 kHz s66
E’ = 24.3 10–12 m2/N Qm = 187

s66
E’ 2 2.5

s46
E = 1.30 10–12 m2/N

3.64 YCOB (YZtw)45o/45o

l = 14.4 mm w = 5.07 mm t = 1.31 mm (a)

(b) TE-LE (c) TE-FS

LaCOB

TE-LE TE-FS (220

kHz ) (370 kHz ) TE-LE TE-FS

TE-LE fs

fp 187.519 kHz 187.628 kHz

s11
E’ = 10.5 10–12 m2/N k31’ = 3.8% Qm = 1542 s11

E’

2 2.5 s25
E = –0.46

10–12 m2/N TE-FS fs

fp 372.771 kHz 374.033 kHz s66
E’ = 21.4 10–12

m2/N Qm = 216 s66
E’

2 2.5 s46
E = 3.45 10–12 m2/N
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3.63 LaCOB (YZtw)45o/45o  (a) ,

(b)TE-LE , (c)TE-FS .
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3.64 YCOB (YZtw)45o/45o  (a) ,

(b)TE-LE , (c)TE-FS .
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(1)~(7) 2

GdCOB d15 d35 d24 d26

LaCOB YCOB

LaCOB 3.49 g/cm3 GdCOB 3.74

g/cm3 YCOB 3.27 g/cm3

3.3.5

(1)

X

YCOB X (XYt) o (   = 0, 45) Z (ZXt) o (   = 0, 45)

X X

X MXP18VA X

CuK 1 (  = 1.54056 Å)

X (3-9)

d X X

nd sin2                                                          (3-9) 

d  (h k l) a, b, c, (a c )

(3-10)

ac

hl

cb

k

a

h

d

cos21sin

sin
222

                              (3-10) 

d1 (h1 k1 l1) d2 (h2 k2 l2)

(3-11)
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ac

hlhl

c

ll

b

kk

a

hhdd cossin

sin
cos 1221

2
21

2

2
21

2
21

2
21             (3-11) 

3 YCOB (XYt) o (   = 0, 45) (ZXt) o(   = 0, 45)

(3-9)~ (3-11)

37) a b c

32) (a = 8.080 Å b = 16.016 Å c = 3.532 Å  = 101.24o)

X A.10

YCOB (XYt) o(   = 0, 45) (ZXt) o(   = 0, 45) X

X (XYt) o(   = 0, 45) (3-11)  = 57.24o

(101)  = 57.24o
X

(XYt) o(   = 0, 45) 2 3.65 (101)

2  = 30.99o 2  = 30.87o (101)

X ~0.1o

2  = 30.99o(X  = 2 /2)  = 57.24o

(XYt)0o 3.66

~90o(89.78o) ~270o(269.78o) 2 ( 180o)

Y Z

3.67 (XYt)45o

~135o(134.62o) ~315o(314.62o) 2 ( 180o)

Z (ZXt) o (   = 0, 45) (3-11)  = 16.52o

(022)  = 16.52o
Z

(ZXt) o(  = 0, 45) 2 3.68 (022)

2  = 53.30o 2  = 53.12o (022)

Z ~0.2o

2  = 53.30o(X  = 2 /2)  = 16.52o

(ZXt)0o 3.69

~180o(179.68o) ~360o(359.68o) 2 ( 180o)

X Y

3.70 (ZXt)45o

~135o(135.24o) ~315o(315.24o) 2 ( 180o)
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YCOB X Z X

0.2o

(XYt)0o

(XYt)45o 0.2o

(XYt)0o
X 0.2o

3.20

(TE-LE) d31’

0.2o
11

T

s22
E

d12 ( 22
T

s12
E

s66
E

d11 d26)

10–5

11
T

s22
E

d12 0.9999

11
T

s22
E

d12 1

0.2o TE-LE

0.01% (XYt)45o

(XYt)0o
X

3.21

d36’

(XYt)0o 0.2o

11
T

s22
E

s23
E

s33
E

d12 d13 ( 22
T

s12
E

s13
E

s66
E

d11 d26)

10–5

11
T

s22
E

s23
E

s33
E

d12 d13 0.9999

1.999

0.2o 0.01%

TE-LE

0.2o

(XYt)0o (XYt)45o

0.01%

0.2o

( ~0.01%) ~0.01%
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3.20 (XYt)0o
X 0.2o

 0.2o

ij
T

33
T’ = 11

T
33

T’ = 0.9999 11
T + 1.219 10–5

22
T

sij
E S11

E’ = s22
E

s11
E’ = 2.437 10–5

s12
E + 0.9999s22

E + 1.219 10–5
s66

E

dij D31’ = d12 d31’ = 1.219 10–5
d11 + 0.9999d12 – 1.219 10–5

d26

3.21 (XYt)45o
X 0.2o

 0.2o

ij
T

33
T’ = 11

T
33

T’ = 0.9999 11
T + 1.219 10–5

22
T

sij
E s66

E’ = s22
E – 2s23

E + s33
E s66

E’ = 2.437 10–5
s12

E – 2.437 10–5
s13

E + 0.9999s22
E

– 1.999s23
E + s33

E + 1.219 10–5
s66

E

dij d36’ = – d12 + d13
d36’ = – 1.219×10–5

d11 – 0.9999d12 + 0.9999d13 + 
1.219×10–5

d26

(2)

4

A.6

(TE-LE) (TE-FS)

sij
E’(i = j = 1, 6) (l w) (fs) ( )

0.1% 0.03%

0.3% sij
E’(i = j = 1, 6) (3-12)

~0.6% (LE-FS) s66
E’

(w) (fs fp) ( )

(k26’) (3-12) k26’ (0.4%)

LE-FS s66
E’ ~1.0%

33
T’ (CT) (t) (A)

0.07% 0.1%

0.2% 33
T’ (3-13) ~0.4%

33
T’ ij

T(i = j = 1, 2, 3)

13
T

13
T (XYl)45o

33
T’ ij

T(i = j = 1, 3) (3-14) 13
T

~1.2%

TE-LE TE-FS d3j’(j = 1, 6)

k3j’(j = 1, 6) 33
T’ sij

E’(i = j = 1, 6)
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k3j’(j = 1, 6) ~0.4% 33
T’

~0.4% sij
E’(i = j = 1, 6) ~0.6% d3j’(j = 1, 6)

(3-15) ~0.9% LE-FS

d26’ k26’ 22
T’ s66

E’

22
T’ ~0.4% k26’ ~0.4%

s66
E’ ~1.0% (3-15) d26’

~1.1%

(

) TE-LE

s11
E’ ~0.6% 33

T’ ~0.4% d31’ ~0.9% TE-FS

s66
E’ ~0.6% 33

T’ ~0.4% d36’ ~0.9%

LE-FS s66
E’ ~1.0% 22

T’ ~0.4% d26’ ~1.1%

(LE-TE) d33

0.1 pC/N

GdCOB

s11
E’(TE-LE ) s66

E’(TE-FS )

3.22

GdCOB s11
E’ ~1% s66

E’ ~6%

LaCOB ~1% ~4% YCOB

~1% ~3%

s

s

E

ij

E

ij

f

f

l

l

s

s
22

'

'

                                             (3-12) 

A

A

t

t

C

C
T

T

T

ij

T

ij

'

'

                                               (3-13) 

T

T

T

T

T

T

T

T

33

33
'

33

'

33

11

11

13

13                                     (3-14) 

'

'

'

'

'

'

'

'

2

1

2

1
E

ij

E

ij

T

ij

T

ij

ij

ij

ij

ij

s

s

k

k

d

d
                                  (3-15) 
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3.22 s11
E’ s66

E’

s11
E’ ( 10–12 m2/N) s66

E’ ( 10–12 m2/N)

(%) (%)

(XYt)45o 8.685 8.690 0.06 (YZtw)45o/45o 22.76 22.78 0.05 
(XYt)90o 8.930 8.938 0.09 (ZXt)45o 17.09 17.11 0.10 
(ZXt)0o 7.600 7.605 0.06 (YXw)45o 25.35 26.75 5.52 

(ZXt)45o 7.552 7.562 0.12 (ZYw)45o 20.30 20.31 0.05 
(YXw)45o 7.552 7.591 0.51    
(ZYw)45o 8.685 8.771 0.99    

s11
E’ s66

E’ (

)

sij
E (i = j = 1, 2, 3) TE-LE

s11
E’ ~0.6%

s44
E

s66
E LE-FS s66

E’

k26’

~1.0% s55
E (YXw)45o

TE-FS s66
E’ s44

E
s66

E’

LaCOB ~4.0% GdCOB
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38)
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X-bar ( 11) 7.36 8.74 7.74 
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3.81 GdCOB   (a)X-bar ( 11), (b)Y-bar ( 22), (c)Z-bar ( 33). 
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3.82 YCOB   (a)X-bar ( 11), (b)Y-bar ( 22), (c)Z-bar ( 33). 
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4.24 LaCOB RSAW VR  = 180o   (a)3
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4.25 LaCOB RSAW  = 180o
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4.26 YCOB RSAW VR  = 180o   (a)3

, (b)2 .
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4.27 YCOB RSAW  = 180o

(a)3 , (b)2 .
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LaCOB

2 (180o, 34o, 159o) (180o, 146o, 159o) (K2~0.9%

v~3500 m/s) YCOB 2 (180o, 51o, 167o)

(180o, 120o, 167o) (K2 ~0.7% v ~3600 m/s ~3700

m/s) 2 RSAW

TCD VR K
2

RSAW

Y X ( –X )

( )

SAW

TCD



- 181 -

TCD

YCOB RSAW LN 128o
Y-X

YCOB

SAW

m

(PZT) 1980

4 (d33 = 1000 1570 pC/N)

90%

( ) ABO3 B 2

Pb(B’B’’)O3 (PbTiO3: PT)

2 ( : MPB)

MPB

(

)

P4mm

R3m Cm ( m) m

m
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A.1   

A.2   32

A.3   

A.4   

A.5   

A.6   

A.7   m

A.8   

A.9   d11 d33

A.10  X

A.11
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A.1

1  (Triclinic system) 

1

 (Triclinic system) 

1 (21 ) (18 ) (6 )

66

5655

464544

36353433

2625242322

161514131211

c

cc

ccc

cccc

ccccc

cccccc

363534333231

262524232221

161514131211

eeeeee

eeeeee

eeeeee

33

2322

131211

2  (Monoclinic system) 

2

 (Monoclinic system) 

 (13 ) 2 (8 ) (4 )

3634

25232221

1614

0000

00

0000

ee

eeee

ee

m (10 )

66

55

4644

3533

252322

15131211

0

0

00

00

00

c

c

cc

cc

ccc

cccc

00

0000

00

35333231

2624

15131211

eeee

ee

eeee
33

22

1311

0

0
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3  (Orthorhombic system) 

222 (RS,

NaKC4H4O6 4H2O) mm2

(KNbO3: KN)

4 KN

KN
1, 2)

SAW

3

 (Orthorhombic system) 

 (9 ) 222 (3 ) (3 )

36

25

14

00000

00000

00000

e

e

e

mm2 (5 )

66

55

44

33

2322

131211

0

00

000

000

000

c

c

c

c

cc

ccc

000

00000

00000

333231

24

15

eee

e

e
33

22

11

0

00

4 KN 3)

cij
E [ 1011 N/m2] ij

S/ 0 [–]

c11
E 2.26 11

S/ 0 34

c12
E 0.96 22

S/ 0 780

c13
E 0.68 33

S/ 0 24

c22
E 2.70 eij [C/m2]

c23
E 1.01 e31 2.46 

c33
E 1.86 e32 – 1.1 

c44
E 0.743 e33 4.4 

c55
E 0.25 e15 5.16 

c66
E 0.955 e24 11.7 
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4  (Tetragonal system)

4mm (Li2B4O7: LBO)

6 LBO 4mm I41cd

Whatmore 4-6)

5

 (Tetragonal system) 

4, 4, 4/m (7 ) 4 (4 ) (2 )

000

0000

0000

333131

1415

1514

eee

ee

ee

 4 (4 )

66

44

44

33

161311

16131211

0

00

000

00

00

c

c

c

c

ccc

cccc

363131

1415

1514

000

0000

0000

eee

ee

ee
33

11

11

0

00

422, 4mm, 42m, 4/mmm (6 ) 422 (1 ) (2 )

000000

00000

00000

14

14

e

e

4mm (3 )

000

00000

00000

333131

15

15

eee

e

e

 42m (2 )66

44

44

33

1311

131211

0

00

000

000

000

c

c

c

c

cc

ccc

36

14

14

00000

00000

00000

e

e

e

33

11

11

0

00
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6 LBO

cij
E [ 1011 N/m2] ij

S/ 0 [–] 

c11
E 1.267 1.350 11

S/ 0 8.97 8.90

c12
E 0.05 0.0357 33

S/ 0 8.15 8.07

c13
E 0.3 0.335 eij [C/m2]

c33
E 0.539 0.568 e31 0.19 0.290

c44
E 0.550 0.585 e33 0.89 0.928

c66
E 0.46 0.467 e15 0.36 0.472

5) 7) 5) 7) 

5  (Trigonal system) 

32

(La3Ga5SiO14: LGS) 3m (LiNbO3: LN)

(LiTaO3: LT)

7

 (Trigonal system) 

3, 3 (7 ) 3 (6 ) (2 )

66

1444

1544

33

15141311

1514131211

0

000

0

0

c

cc

cc

c

cccc

ccccc

c66 = (c11 – c12)/2

000

0

0

333131

1114152222

2215141111

eee

eeeee

eeeee

32, 3m, 3m (6 ) 32 (2 )

000000

0000

000

1114

141111

ee

eee

3m (4 )

66

1444

44

33

141311

14131211

00

000

00

00

c

cc

c

c

ccc

cccc

c66 = (c11 – c12)/2 000

000

0000

333131

152222

2215

eee

eee

ee

33

11

11

0

00
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5.1  ( 32)

150

40

8-12) 12) 8

8

Mason Bechmann Koga et al. James Kushibiki 

c11
E 86.06 86.73 86.820 86.798 86.7997

c12
E 5.08 6.93 7.036 6.8260 7.0362

c13
E 10.46 11.89 11.917 12.023 11.9376

c14
E 18.25 17.92 18.0695 18.112 18.0612

c33
E 107.1 107.1 105.88 105.827 105.7816

c44
E 58.67 57.91 58.2267 58.232 58.2231

[ 109 N/m2]

c66
E 40.49 39.90 39.892 39.986 39.8817

e11 0.167 0.171 0.175 0.1712 0.1719

[C/m2] e14 0.0324 0.0403 0.0407 0.0407 0.0390

11
S/ 0 4.50 4.428 4.50 4.423 4.420

[–] 33
S/ 0 4.70 4.634 4.50 4.635 4.628

[ 103 kg/m3]
2.654 2.65 2.6484 2.64857 2.64867

 8) 9) 10) 11) 12) 

5.2  ( 32)

(La3Ga5SiO14: LGS) 32

3~5

LT LN

LGS(La3Ga5SiO14)

9 LTG(La3Ta0.5Ga5.5O14) LNG(La3Nb0.5Ga5.5O14)

10
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9 LGS

S. Sakharov et al. K. Inoue et al. A. Bungo et al. M. Adachi et al.

c11
E 18.93 18.95 18.9 18.8

c12
E 10.50 10.47 10.4 10.4

c13
E 9.528 9.786 10.2 8.94

c14
E 1.493 1.464 1.44 1.51

c33
E 26.24 25.99 26.8 24.5

c44
E 5.384 5.391 5.33 5.75

[ 1010 N/m2]

c66
E 4.216 4.24 4.24 4.21

e11 – 0.431 – 0.428 – 0.438 – 0.405

[C/m2] e14 0.108 – 0.114 0.104 0.115

11
S/ 0 18.97 19.07 19.06 18.4

[–] 33
S/ 0 52.00 50.30 51.60 51.2

 13, 14) 15) 16) 17) 

10 LTG LNG

LTG  LNG

N. Onozato et al. Yu. V. Pisarevsky et al.

c11
E 20.2 17.2 19.07

c12
E 12.0 8.8 10.93

c13
E 12.5 7.7 9.82

c14
E 1.33 1.4 1.35

c33
E 28.8 19.7 26.05

c44
E 4.97 5.1 5.04

[ 1010 N/m2]

c66
E 4.07 4.2 4.07

e11 – 0.468 – 0.50 – 0.44

[C/m2] e14 0.0632 0.012 – 0.05

11
S/ 0 19.3 18.7 20.2

33
S/ 0 80.3 74.9 79.4

 18) 19) 13) 

5.3  ( 3m)

(LiNbO3: LN) (LiTaO3: LT)

( ) 3m

3m

11 LN LT LN
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11 LT LN

LiTaO3 LiNbO3

Warner Smith Warner Smith Nakagawa 

[ 103 kg/m3]
7.45 7.454 4.7 4.64 4.7

11
S/ 0 41 42.6 44 44.3 46.5

33
S/ 0 43 42.8 29 27.9 27.3

11
T/ 0 53.6 84 85.2 84.1[–] 

33
T/ 0 43.4 30 28.7 28.1

e15 2.6 2.72 3.7 3.76 3.8

e22 1.6 1.67 2.5 2.43 2.5

e31 0.0 – 0.38 0.2 0.23 0.35

eij

[C/m2]

e33 1.9 1.09 1.3 1.33 1.42

d15 2.6 2.64 6.8 6.92 

d22 0.7 0.75 2.1 2.08 

d31 – 0.2 – 0.30 – 0.1 – 0.085 

dij

[ 10–11 C/N]

d33 0.8 0.57 0.6 0.60 

c11
E 2.33 2.298 2.03 2.030 2.0

c12
E 0.47 0.440 0.53 0.573 0.54

c13
E 0.80 0.812 0.75 0.752 0.6

c14
E – 0.11 – 0.104 0.09 0.085 0.08

c33
E 2.75 2.798 2.45 2.424 2.43

c44
E 0.94 0.968 0.60 0.595 0.60

cij
E

[ 1011 N/m2]

c66
E 0.93 0.929 0.75 0.728 0.73

s11
E 4.87 4.930 5.78 5.831 

s12
E – 0.58 – 0.519 – 1.01 – 1.150 

s13
E – 1.25 – 1.280 – 1.47 – 1.452 

s14
E 0.64 0.588 – 1.02 – 1.000 

s33
E 4.36 4.317 5.02 5.026 

s44
E 10.8 10.46 17.0 17.10 

sij
E

[ 10–12 m2/N] 

s66
E 10.9 10.90 13.6 13.96 

 20) 21) 20) 21) 22) 
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6  (Hexagonal system)

(ZnO)

(AlN) ( 6mm)

12

 (Hexagonal system) 

 (5 ) 6 (4 ) (2 )

000

0000

0000

333131

1415

1514

eee

ee

ee

 6 (2 )

000000

000

000

112222

221111

eee

eee

622 (1 )

000000

00000

00000

14

14

e

e

6mm (3 )

000

00000

00000

333131

15

15

eee

e

e

 6m2 (1 )

66

44

44

33

1311

131211

0

00

000

000

000

c

c

c

c

cc

ccc

c66 = (c11 – c12)/2

000000

00000

0000

11

1111

e

ee

33

11

11

0

00
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6.1 ZnO

ZnO II-VI ZnO

ZnO

ZnO ZnO SAW

ZnO SAW

23-26) ZnO

ZnO 13 27) 

6.2 AlN

AlN III-V AlN

ZnO CMOS

c

(EBAR SMR) 28, 

29) AlN
30)

13 ZnO AlN

cij
E [ 1011 N/m2] ij

S/ 0 [–] 

 ZnO AlN  ZnO AlN 

c11
E 2.096 3.45 11

S/ 0 8.55 9.0

c12
E 1.205 1.25 33

S/ 0 10.2 10.7

c13
E 1.046 1.20 eij [C/m2]

c33
E 2.106 3.95 e31 – 0.573 – 0.58

c44
E 0.423 1.18 e33 1.321 1.55

c66
E 0.4455 1.10 e15 – 0.48 – 0.48

27) 30) 27) 30) 
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7  (Cubic system)

23 Bi12GeO20(BGO)

43m GaAs SAW

15 31)

14

 (Cubic system) 

 (3 ) 23, 43m (1 ) (1 )

44

44

44

11

1211

121211

0

00

000

000

000

c

c

c

c

cc

ccc

14

14

14

00000

00000

00000

e

e

e

11

11

11

0

00

15 BGO GaAs 31)

cij
E [ 1011 N/m2] ij

S/ 0 [–] 

 BGO GaAs  BGO GaAs 

c11
E 1.2848 1.19 11

S/ 0 37.9 11

c12
E 0.2942 0.583 eij [C/m2]

c44
E 0.2552 0.595 e14 0.983 – 0.160

8 Isotropic

16

Isotropic

2 0 1

66

66

66

11

1211

121211

0

00

000

000

000

c

c

c

c

cc

ccc

c66 = (c11 – c12)/2

11

11

11

0

00
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A.2 32
32)

 S.  H.M. *

C1 1 – Ci 1

Ci (S2) 1  2 – – – 

C2 2 – C2h 2 

CS (Ch) m –  2 

C2h 2/m  4 – – – 

C2v mm2 – D2h 4 

D2 (V) 222 –  4 –

D2h (Vh) mmm  8 – – – 

C4 4 – C4h 4 

S4 4 –  4 –

C4h 4/m  8 – – – 

C4v 4mm – D4h 8 – 

D2d (Vd) 42m –  8 –

D4 422 –  8 –

D4h 4/mmm  16 – – – 

C3 3 – C3i 3 

C3i (S6) 3  6 – – – 

C3v 3m – D3d 6 – 

D3 32 –  6 –

D3d 3m  12 – – – 

C6 6 – C6h 6 

C3h (S3) 6 –  6 – –

C6h 6/m  12 – – – 

C6v 6mm – D6h 12 – 

D3h 6m2 –  12 – –

D6 622 –  12 –

D6h 6/mmm  24 – – – 

T 23 – Th 12 –

Th m3  24 – – – 

Td 43m – Oh 24 – –

O 432 –  24 – – 

Oh m3m  48 – – – 

Laue (11 Laue ) S. H.M.

Schoenflies Hermann-Mauguin
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A.3
33)

( )

1 S

(Strain)

1 2 P (x1, x2, x3) Q (x1 + dx1, x2 + dx2, x3 + dx3)

P’ Q’

u

3

2

1

PP

u

u

u

u
                        (A-1) 

duuQQ                          (A-2) 

du

2
12

1

1
2

3
3

1
2

2

1
1

1

1
1

2

1
dx

x

u
dx

x

u
dx

x

u
dx

x

u
du

      (A-3) 

2

12

1

2
2

3

3

2
2

2

2
1

1

2
2

2

1
dx

x

u
dx

x

u
dx

x

u
dx

x

u
du                (A-4) 

2
12

1

3
2

3
3

3
2

2

3
1

1

3
3

2

1
dx

x

u
dx

x

u
dx

x

u
dx

x

u
du

    (A-5) 
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du 0 P Q

du 0 dx1 dx2 dx3

(A-3) (A-5)

1

P Q

3

2

1

3

2

2

3

3

1

1

3

2

3

3

2

2

1

1

2

1

3

3

1

1

2

2

1

3

2

1

3

3

3

2

2

3

3

1

1

3

2

3

3

2

2

2

2

1

1

2

1

3

3

1

1

2

2

1

1

1

3

2

1

0
2

1

2

1

2

1
0

2

1

2

1

2

1
0

2

1

2

1

2

1

2

1

2

1

2

1

dx

dx

dx

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

dx

dx

dx

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

x

u

du

du

du

 (A-6) 

(A-6)

O

P Q

P’
Q’u

u + du
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[1] 1  ( )

u1/ x1 x1 x1

x1

u2/ x2 u3/ x3 x2 x3

3

3
33

2

2
22

1

1
11 ,,

x

u
S

x

u
S

x

u
S

                 (A-7) 

[2] 1  ( )

jiji
x

u

x

u
S

i

j

j

i
ij ,3,2,1,

2

1
              (A-8) 

[3] 2  ( )

(

)

(A-7) (A-8)

3,2,1,
2

1
ji

x

u

x

u
S

i

j

j

i
ij                    (A-9) 

2

2 (A-9) i j 9

9

i j 6

i = j i j
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2 T

(Stress)

2

2

x1, x2, x3 3 x1

(x1 ) 3

x1 T11

x2 T21

x3 T31

xj i

Tij (i, j = 1, 2, 3)   (A-10) 

9 2

i = j i j

6 6 (2

) 6

x1

x2

x3

T11 T21

T31

T13

T23

T33

T12

T22

T32
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3

2

( )

3,2,1,,, lkjiTsS klijklij    (A-11) 

(A-11)

( k l)

3

1

3

1k l
klijklklijkl TsTs

                      (A-12) 

sijkl s

(elastic compliance)

3,2,1,,, lkjiScT klijklij       (A-13) 

cijkl

(elastic stiffness) 2

2

4 4

ijkl ij

kl i j k l

sijkl = sklij = sjikl = sijlk c
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i
j

4

(A-11) (A-13)

6 ij ji

1 1

1

1 2 3 

1 1 6 5 

2 6 2 4 

3 5 4 3 

i j I

i = 1, j = 3 I = 5 

SI Sij

3

3
333

2

2
222

1

1
111 ,,

x

u
SS

x

u
SS

x

u
SS

   (A-14) 

1

2

2

1
21126

3

1

1

3
13315

2

3

3

2
32234

22

22

22

x

u

x

u
SSS

x

u

x

u
SSS

x

u

x

u
SSS

 (A-15)
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333222111 ,, TTTTTT              (A-16) 

211261331532234 ,, TTTTTTTTT            (A-17) 

sijkl cijkl 1

ij I kl J 4 6 6

(A-11) (A-13)

6,,2,1, JITsS JIJI (A-18)

6,,2,1, JIScT JIJI       (A-19) 

1
IJIJ cs                              (A-20) 

6 6 36

21

2

3 ( ) 5

LiNbO3 LiTaO3( ) 6 A.1

T11(= T1)

6165154143132121111

33113323112322112213111312111211111111 222

ScScScScScScT

ScScScScScScT

 (A-21) 

(A-14)~ (A-17)
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111216111315112314

113313112212111111

,,

,,

cccccc

cccccc

         (A-22) 

3,2,1,,,,6,1, lkjiJIcc ijklIJ

I ij J kl 1

I, J 1, 2, 3 sIJ = sijkl

I J 4, 5, 6 sIJ = 2sijkl

I, J 4, 5, 6 sIJ = 4sijkl
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A.4

[]

B  [S] Qm  [–] 

C  [F] R  [ ]

C
T  [F] S  (u/l)

C
S  [F] s  [m2/N] 

CT  [F] T  [N/m2]

CS 1  [F] t  [m] 

c  [N/m2] T  [oC]

ceff  [N/m2] u  [m] 

D ( ) [C/m2] v  [m/s] 

d  [m/V or C/N] vf  [m/s] 

deff  [pm/V] vm  [m/s] 

E  [V/m] VB  [m/s] 

e  [C/m2] VL  [m/s] 

f  [Hz] VR  [m/s] 

fs  [Hz] w  [m] 

fp  [Hz] X  [ ]

fr  [Hz] Y  [S] 

fa  [Hz] Yd  [S] 

fm  [Hz] Ym  [S] 

fn  [Hz] Z  [ ]

f1  [Hz]  [m/F] 

f2  [Hz]  [F/m] 

f0 SAW  [Hz] 0 (8.854 10-12)[F/m] 

G  [J/mol]  T  [F/m] 

G  [S] S  [F/m] 

g  [V · m/N]  [K] 

h  [N/C]  [degree] 

k  [– or %]  [kg/m3]

K SAW  [– or %] 0  [ m]

K  [J/K/mol]  [rad/s] 

l  [m] 0  [rad/s] 

N  [kHz · mm] R ( ) [rad/s] 

N A ( ) [rad/s] 
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A.5
34)

S T

D E

d
EdTD

EdTsS

T

t
E

T, E (intensive) type 

e
EeSD

EeScT

S

t
E

S, E (mixed) type 

g
DgTE

DgTsS

T

t
D

T, D (mixed) type 

h
DhSE

DhScT

S

t
D

S, D (extensive) type 

01
E

EE STsc

" 01
D

DD STsc

01 T
TT DE

" 01 S
SS DE

gesTDESd TE
ET 00

hdcSDETe SE
ET 00

dhsTEDSg TD
DT 00

egcSEDTh SD
DS 00

gdddggss

ehhheecc

hgggchhs

deeesddc

t
T

t
T

t
DE

t
S

t
S

t
ED

tt
D

t
DTS

tt
E

t
EST
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1 MKS

2

c
E, s

E
E = 0 E ( )

c
D, s

D
D = 0 D ( )

T, T
T = 0

S, S S = 0

3 dt, et, gt, ht t

4

5
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(
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A.7 m

m ( E D T

S) li, mi, ni (i = 1~3)

A.3

1 E ( D)

E’1 = l1 E1 + m1 E2 + n1 E3

E’2 = l2 E1 + m2 E2 + n2 E3

E’3 = l3 E1 + m3 E2 + n3 E3

2 T

T ’1 = l1l1 T1 + m1m1 T2 + n1n1 T3 + 2 m1n1 T4 + 2 l1n1 T5 + 2 l1m1 T6

T ’2 = l2l2 T1 + m2m2 T2 + n2n2 T3 + 2 m2n2 T4 + 2 l2n2 T5 + 2 l2m2 T6

T ’3 = l3l3 T1 + m3m3 T2 + n3n3 T3 + 2 m3n3 T4 + 2 l3n3 T5 + 2 l3m3 T6

T ’4 = l2l3 T1 + m2m3 T2 + n2n3 T3 + (m2n3 + n2m3)T4 + (l2n3 + n2l3)T5 + (l2m3 + m2l3)T6

T ’5 = l1l3 T1 + m1m3 T2 + n1n3 T3 + (m1n3 + n1m3)T4 + (l1n3 + n1l3)T5 + (l1m3 + m1l3)T6

T ’6 = l1l2 T1 + m1m2 T2 + n1n2 T3 + (m1n2 + n1m2)T4 + (l1n2 + n1l2)T5 + (l1m2 + m1l2)T6

3 S

S ’1 = l1l1 S1 + m1m1 S2 + n1n1 S3 + m1n1 S4 + l1n1 S5 + l1m1 S6

S ’2 = l2l2 S1 + m2m2 S2 + n2n2 S3 + m2n2 S4 + l2n2 S5 + l2m2 S6

S ’3 = l3l3 S1 + m3m3 S2 + n3n3 S3 + m3n3 S4 + l3n3 S5 + l3m3 S6

S ’4 = 2 l2l3 S1 + 2 m2m3 S2 + 2 n2n3 S3 + (m2n3 + n2m3)S4 + (l2n3 + n2l3)S5 + (l2m3 + m2l3)S6

S ’5 = 2 l1l3 S1 + 2 m1m3 S2 + 2 n1n3 S3 + (m1n3 + n1m3)S4 + (l1n3 + n1l3)S5 + (l1m3 + m1l3)S6

S ’6 = 2 l1l2 S1 + 2 m1m2 S2 + 2 n1n2 S3 + (m1n2 + n1m2)S4 + (l1n2 + n1l2)S5 + (l1m2 + m1l2)S6

4

’11 = l1l1 11 + 2 l1n1 13 + m1m1 22 + n1n1 33

’12 = l1l2 11 + (l1n2 + n1l2) 13 + m1m2 22 + n1n2 33

’13 = l1l3 11 + (l1n3 + n1l3) 13 + m1m3 22 + n1n3 33

’22 = l2l2 11 + 2 l2n2 13 + m2m2 22 + n2n2 33

’23 = l2l3 11 + (l2n3 + n2l3) 13 + m2m3 22 + n2n3 33

’33 = l3l3 11 + 2 l3n3 13 + m3m3 22 + n3n3 33
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5 e

e’11 = l1l1l1 e11 + l1m1m1 e12 + l1n1n1 e13 + 2 l1l1n1 e15 + 2 m1m1n1 e24 + 2 l1m1m1 e26 + l1l1n1 e31

+ m1m1n1 e32 + n1n1n1 e33 + 2 l1n1n1 e35

e’12 = l1l2l2 e11 + l1m2m2 e12 + l1n2n2 e13 + 2 l1l2n2 e15 + 2 m1m2n2 e24 + 2 m1l2m2 e26 + n1l2l2 e31

+ n1m2m2 e32 + n1n2n2 e33 + 2 n1l2n2 e35

e’13 = l1l3l3 e11 + l1m3m3 e12 + l1n3n3 e13 + 2 l1l3n3 e15 + 2 m1m3n3 e24 + 2 m1l3m3 e26 + n1l3l3 e31

+ n1m3m3 e32 + n1n3n3 e33 + 2 n1l3n3 e35

e’14 = l1l2l3 e11 + l1m2m3 e12 + l1n2n3 e13 + (l1l2n3 + l1n2l3)e15 + (m1m2n3 + m1n2m3)e24 

+ (m1l2m3 + m1m2l3)e26 + n1l2l3 e31 + n1m2m3 e32 + n1n2n3 e33 + (n1l2n3 + n1n2l3)e35

e’15 = l1l1l3 e11 + l1m1m3 e12 + l1n1n3 e13 + (l1l1n3 + l1n1l3)e15 + (m1m1n3 + m1n1m3)e24

+ (l1m1m3 + m1m1l3)e26 + l1n1l3 e31 + m1n1m3 e32 + n1n1n3 e33 + (l1n1n3 + n1n1l3)e35

e’16 = l1l1l2 e11 + l1m1m2 e12 + l1n1n2 e13 + (l1l1n2 + l1n1l2)e15 + (m1m1n2 + m1n1m2)e24

+ (l1m1m2 + m1m1l2)e26 + l1n1l2 e31 + m1n1m2 e32 + n1n1n2 e33 + (l1n1n2 + n1n1l2)e35

e’21 = l1l1l2 e11 + m1m1l2 e12 + n1n1l2 e13 + 2 l1n1l2 e15 + 2 m1n1m2 e24 + 2 l1m1m2 e26 + l1l1n2 e31

+ m1m1n2 e32 + n1n1n2 e33 + 2 l1n1n2 e35

e’22 = l2l2l2 e11 + l2m2m2 e12 + l2n2n2 e13 + 2 l2l2n2 e15 + 2 m2m2n2 e24 + 2 l2m2m2 e26 + l2l2n2 e31

+ m2m2n2 e32 + n2n2n2 e33 + 2 l2n2n2 e35

e’23 = l2l3l3 e11 + l2m3m3 e12 + l2n3n3 e13 + 2 l2l3n3 e15 + 2 m2m3n3 e24 + 2 m2l3m3 e26 + n2l3l3 e31

+ n2m3m3 e32 + n2n3n3 e33 + 2 n2l3n3 e35

e’24 = l2l2l3 e11 + l2m2m3 e12 + l2n2n3 e13 + (l2l2n3 + l2n2l3)e15 + (m2m2n3 + m2n2m3)e24

+ (l2m2m3 + m2m2l3)e26 + l2n2l3 e31 + m2n2m3 e32 + n2n2n3 e33 + (l2n2n3 + n2n2l3)e35

e’25 = l1l2l3 e11 + m1l2m3 e12 + n1l2n3 e13 + (l1l2n3 + n1l2l3)e15 + (m1m2n3 + n1m2m3)e24

+ (l1m2m3 + m1m2l3)e26 + l1n2l3 e31 + m1n2m3 e32 + n1n2n3 e33 + (l1n2n3 + n1n2l3)e35

e’26 = l1l2l2 e11 + m1l2m2 e12 + n1l2n2 e13 + (l1l2n2 + n1l2l2)e15 + (m1m2n2 + n1m2m2)e24

+ (l1m2m2 + m1l2m2)e26 + l1l2n2 e31 + m1m2n2 e32 + n1n2n2 e33 + (l1n2n2 + n1l2n2)e35

e’31 = l1l1l3 e11 + m1m1l3 e12 + n1n1l3 e13 + 2 l1n1l3 e15 + 2 m1n1m3 e24 + 2 l1m1m3 e26 + l1l1n3 e31

+ m1m1n3 e32 + n1n1n3 e33 + 2 l1n1n3 e35

e’32 = l2l2l3 e11 + m2m2l3 e12 + n2n2l3 e13 + 2 l2n2l3 e15 + 2 m2n2m3 e24 + 2 l2m2m3 e26 + l2l2n3 e31

+ m2m2n3 e32 + n2n2n3 e33 + 2 l2n2n3 e35

e’33 = l3l3l3 e11 + l3m3m3 e12 + l3n3n3 e13 + 2 l3l3n3 e15 + 2 m3m3n3 e24 + 2 l3m3m3 e26 + l3l3n3 e31

+ m3m3n3 e32 + n3n3n3 e33 + 2 l3n3n3 e35

e’34 = l2l3l3 e11 + m2l3m3 e12 + n2l3n3 e13 + (l2l3n3 + n2l3l3)e15 + (m2m3n3 + n2m3m3)e24

+ (l2m3m3 + m2l3m3)e26 + l2l3n3 e31 + m2m3n3 e32 + n2n3n3 e33 + (l2n3n3 + n2l3n3)e35

e’35 = l1l3l3 e11 + m1l3m3 e12 + n1l3n3 e13 + (l1l3n3 + n1l3l3)e15 + (m1m3n3 + n1m3m3)e24

+ (l1m3m3 + m1l3m3)e26 + l1l3n3 e31 + m1m3n3 e32 + n1n3n3 e33 + (l1n3n3 + n1l3n3)e35

e’36 = l1l2l3 e11 + m1m2l3 e12 + n1n2l3 e13 + (l1n2l3 + n1l2l3)e15 + (m1n2m3 + n1m2m3)e24

+ (l1m2m3 + m1l2m3)e26 + l1l2n3 e31 + m1m2n3 e32 + n1n2n3 e33 + (l1n2n3 + n1l2n3)e35
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6 d

d’11 = l1l1l1 d11 + l1m1m1 d12 + l1n1n1 d13 + l1l1n1 d15 + m1m1n1 d24 + l1m1m1 d26 + l1l1n1 d31

+ m1m1n1 d32 + n1n1n1 d33 + l1n1n1 d35

d’12 = l1l2l2 d11 + l1m2m2 d12 + l1n2n2 d13 + l1l2n2 d15 + m1m2n2 d24 + m1l2m2 d26 + n1l2l2 d31

+ n1m2m2 d32 + n1n2n2 d33 + n1l2n2 d35

d’13 = l1l3l3 d11 + l1m3m3 d12 + l1n3n3 d13 + l1l3n3 d15 + m1m3n3 d24 + m1l3m3 d26 + n1l3l3 d31

+ n1m3m3 d32 + n1n3n3 d33 + n1l3n3 d35

d’14 = 2 l1l2l3 d11 + 2 l1m2m3 d12 + 2 l1n2n3 d13 + (l1l2n3 + l1n2l3)d15 + (m1m2n3 + m1n2m3)d24

+ (m1l2m3 + m1m2l3)d26 + 2 n1l2l3 d31 + 2 n1m2m3 d32 + 2 n1n2n3 d33 + (n1l2n3 + n1n2l3)d35

d’15 = 2 l1l1l3 d11 + 2 l1m1m3 d12 + 2 l1n1n3 d13 + (l1l1n3 + l1n1l3)d15 + (m1m1n3 + m1n1m3)d24

+ (l1m1m3 + m1m1l3)d26 + 2 l1n1l3 d31 + 2 m1n1m3 d32 + 2 n1n1n3 d33 + (l1n1n3 + n1n1l3)d35

d’16 = 2 l1l1l2 d11 + 2 l1m1m2 d12 + 2 l1n1n2 d13 + (l1l1n2 + l1n1l2)d15 + (m1m1n2 + m1n1m2)d24

+ (l1m1m2 + m1m1l2)d26 + 2 l1n1l2 d31 + 2 m1n1m2 d32 + 2 n1n1n2 d33 + (l1n1n2 + n1n1l2)d35

d’21 = l1l1l2 d11 + m1m1l2 d12 + n1n1l2 d13 + l1n1l2 d15 + m1n1m2 d24 + l1m1m2 d26 + l1l1n2 d31

+ m1m1n2 d32 + n1n1n2 d33 + l1n1n2 d35

d’22 = l2l2l2 d11 + l2m2m2 d12 + l2n2n2 d13 + l2l2n2 d15 + m2m2n2 d24 + l2m2m2 d26 + l2l2n2 d31

+ m2m2n2 d32 + n2n2n2 d33 + l2n2n2 d35

d’23 = l2l3l3 d11 + l2m3m3 d12 + l2n3n3 d13 + l2l3n3 d15 + m2m3n3 d24 + m2l3m3 d26 + n2l3l3 d31

+ n2m3m3 d32 + n2n3n3 d33 + n2l3n3 d35

d’24 = 2 l2l2l3 d11 + 2 l2m2m3 d12 + 2 l2n2n3 d13 + (l2l2n3 + l2n2l3)d15 + (m2m2n3 + m2n2m3)d24

+ (l2m2m3 + m2m2l3)d26 + 2 l2n2l3 d31 + 2 m2n2m3 d32 + 2 n2n2n3 d33 + (l2n2n3 + n2n2l3)d35

d’25 = 2 l1l2l3 d11 + 2 m1l2m3 d12 + 2 n1l2n3 d13 + (l1l2n3 + n1l2l3)d15 + (m1m2n3 + n1m2m3)d24

+ (l1m2m3 + m1m2l3)d26 + 2 l1n2l3 d31 + 2 m1n2m3 d32 + 2 n1n2n3 d33 + (l1n2n3 + n1n2l3)d35

d’26 = 2 l1l2l2 d11 + 2 m1l2m2 d12 + 2 n1l2n2 d13 + (l1l2n2 + n1l2l2)d15 + (m1m2n2 + n1m2m2)d24

+ (l1m2m2 + m1l2m2)d26 + 2 l1l2n2 d31 + 2 m1m2n2 d32 + 2 n1n2n2 d33 + (l1n2n2 + n1l2n2)d35

d’31 = l1l1l3 d11 + m1m1l3 d12 + n1n1l3 d13 + l1n1l3 d15 + m1n1m3 d24 + l1m1m3 d26 + l1l1n3 d31

+ m1m1n3 d32 + n1n1n3 d33 + l1n1n3 d35

d’32 = l2l2l3 d11 + m2m2l3 d12 + n2n2l3 d13 + l2n2l3 d15 + m2n2m3 d24 + l2m2m3 d26 + l2l2n3 d31

+ m2m2n3 d32 + n2n2n3 d33 + l2n2n3 d35

d’33 = l3l3l3 d11 + l3m3m3 d12 + l3n3n3 d13 + l3l3n3 d15 + m3m3n3 d24 + l3m3m3 d26 + l3l3n3 d31

+ m3m3n3 d32 + n3n3n3 d33 + l3n3n3 d35

d’34 = 2 l2l3l3 d11 + 2 m2l3m3 d12 + 2 n2l3n3 d13 + (l2l3n3 + n2l3l3)d15 + (m2m3n3 + n2m3m3)d24

+ (l2m3m3 + m2l3m3)d26 + 2 l2l3n3 d31 + 2 m2m3n3 d32 + 2 n2n3n3 d33 + (l2n3n3 + n2l3n3)d35

d’35 = 2 l1l3l3 d11 + 2 m1l3m3 d12 + 2 n1l3n3 d13 + (l1l3n3 + n1l3l3)d15 + (m1m3n3 + n1m3m3)d24

+ (l1m3m3 + m1l3m3)d26 + 2 l1l3n3 d31 + 2 m1m3n3 d32 + 2 n1n3n3 d33 + (l1n3n3 + n1l3n3)d35

d’36 = 2 l1l2l3 d11 + 2 m1m2l3 d12 + 2 n1n2l3 d13 + (l1n2l3 + n1l2l3)d15 + (m1n2m3 + n1m2m3)d24

+ (l1m2m3 + m1l2m3)d26 + 2 l1l2n3 d31 + 2 m1m2n3 d32 + 2 n1n2n3 d33 + (l1n2n3 + n1l2n3)d35
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7 c

c’11 = l1l1l1l1 c11 + 2 l1l1m1m1 c12 + 2 l1l1n1n1 c13 + 4 l1l1l1n1 c15 + m1m1m1m1 c22

+ 2 m1m1n1n1 c23 + 4 l1m1m1n1 c25 + n1n1n1n1 c33 + 4 l1n1n1n1 c35 + 4 m1m1n1n1 c44

+ 8 l1m1m1n1 c46 + 4 l1l1n1n1 c55 + 4 l1l1m1m1 c66

c’12 = l1l1l2l2 c11 + (l1l1m2m2 + m1m1l2l2)c12 + (l1l1n2n2 + n1n1l2l2)c13

+ (2 l1l1l2n2 + 2 l1n1l2l2)c15 + m1m1m2m2 c22 + (m1m1n2n2 + n1n1m2m2)c23

+ (2 l1n1m2m2 + 2 m1m1l2n2)c25 + n1n1n2n2 c33 + (2 l1n1n2n2 + 2 n1n1l2n2)c35

+ 4 m1n1m2n2 c44 + (4 l1m1m2n2 + 4 m1n1l2m2)c46 + 4 l1n1l2n2 c55 + 4 l1m1l2m2 c66

c’13 = l1l1l3l3 c11 + (l1l1m3m3 + m1m1l3l3)c12 + (l1l1n3n3 + n1n1l3l3)c13

+ (2 l1l1l3n3 + 2 l1n1l3l3)c15 + m1m1m3m3 c22 + (m1m1n3n3 + n1n1m3m3 )c23

+ (2 l1n1m3m3 + 2 m1m1l3n3)c25 + n1n1n3n3 c33 + (2 l1n1n3n3 + 2 n1n1l3n3)c35

+ 4 m1n1m3n3 c44 + (4 l1m1m3n3 + 4 m1n1l3m3)c46 + 4 l1n1l3n3 c55 + 4 l1m1l3m3 c66

c’14 = l1l1l2l3 c11 + (l1l1m2m3 + m1m1l2l3)c12 + (l1l1n2n3 + n1n1l2l3)c13

+ (l1l1l2n3 + l1l1n2l3 + 2 l1n1l2l3)c15 + m1m1m2m3 c22 + (m1m1n2n3 + n1n1m2m3)c23

+ (2 l1n1m2m3 + m1m1l2n3 + m1m1n2l3)c25 + n1n1n2n3 c33

+ (2 l1n1n2n3 + n1n1l2n3 + n1n1n2l3)c35 + (2 m1n1m2n3 + 2 m1n1n2m3)c44

+ (2 l1m1m2n3 + 2 l1m1n2m3 + 2 m1n1l2m3 + 2 m1n1m2l3)c46 + (2 l1n1l2n3 + 2 l1n1n2l3)c55

+ (2 l1m1l2m3 + 2 l1m1m2l3)c66

c’15 = l1l1l1l3 c11 + (l1l1m1m3 + l1m1m1l3)c12 + (l1l1n1n3 + l1n1n1l3)c13

+ (l1l1l1n3 + 3 l1l1n1l3)c15 + m1m1m1m3 c22 + (m1m1n1n3 + m1n1n1m3)c23

+ (l1m1m1n3 + 2 l1m1n1m3 + m1m1n1l3)c25 + n1n1n1n3 c33 + (3 l1n1n1n3 + n1n1n1l3)c35

+ (2 m1m1n1n3 + 2 m1n1n1m3)c44 + (2 l1m1m1n3 + 4 l1m1n1m3 + 2 m1m1n1l3)c46

+ (2 l1l1n1n3 + 2 l1n1n1l3)c55 + (2 l1l1m1m3 + 2 l1m1m1l3)c66

c’16 = l1l1l1l2 c11 + (l1l1m1m2 + l1m1m1l2)c12 + (l1l1n1n2 + l1n1n1l2)c13

+ (l1l1l1n2 + 3 l1l1n1l2)c15 + m1m1m1m2 c22 + (m1m1n1n2 + m1n1n1m2)c23

+ (l1m1m1n2 + 2 l1m1n1m2 + m1m1n1l2)c25 + n1n1n1n2 c33 + (3 l1n1n1n2 + n1n1n1l2)c35

+ (2 m1m1n1n2 + 2 m1n1n1m2)c44 + (2 l1m1m1n2 + 4 l1m1n1m2 + 2 m1m1n1l2)c46

+ (2 l1l1n1n2 + 2 l1n1n1l2)c55 + (2 l1l1m1m2 + 2 l1m1m1l2)c66

c’22 = l2l2l2l2 c11 + 2 l2l2m2m2 c12 + 2 l2l2n2n2 c13 + 4 l2l2l2n2 c15 + m2m2m2m2 c22

+ 2 m2m2n2n2 c23 + 4 l2m2m2n2 c25 + n2n2n2n2 c33 + 4 l2n2n2n2 c35 + 4 m2m2n2n2 c44

+ 8 l2m2m2n2 c46 + 4 l2l2n2n2 c55 + 4 l2l2m2m2 c66

c’23 = l2l2l3l3 c11 + (l2l2m3m3 + m2m2l3l3)c12 + (l2l2n3n3 + n2n2l3l3)c13

+ (2 l2l2l3n3 + 2 l2n2l3l3)c15 + m2m2m3m3 c22 + (m2m2n3n3 + n2n2m3m3)c23

+ (2 l2n2m3m3 + 2 m2m2l3n3)c25 + n2n2n3n3 c33 + (2 l2n2n3n3 + 2 n2n2l3n3)c35

+ 4 m2n2m3n3 c44 + (4 l2m2m3n3 + 4 m2n2l3m3)c46 + 4 l2n2l3n3 c55 + 4 l2m2l3m3 c66

c’24 = l2l2l2l3 c11 + (l2l2m2m3 + l2m2m2l3)c12 + (l2l2n2n3 + l2n2n2l3)c13

+ (l2l2l2n3 + 3 l2l2n2l3)c15 + m2m2m2m3 c22 + (m2m2n2n3 + m2n2n2m3)c23

+ (l2m2m2n3 + 2 l2m2n2m3 + m2m2n2l3)c25 + n2n2n2n3 c33 + (3 l2n2n2n3 + n2n2n2l3)c35

+ (2 m2m2n2n3 + 2 m2n2n2m3)c44 + (2 l2m2m2n3 + 4 l2m2n2m3 + 2 m2m2n2l3)c46
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+ (2 l2l2n2n3 + 2 l2n2n2l3)c55 + (2 l2l2m2m3 + 2 l2m2m2l3)c66

c’25 = l1l2l2l3 c11 + (l1m2m2l3 + m1l2l2m3)c12 + (l1n2n2l3 + n1l2l2n3)c13 + (l1l2l2n3 + 2 l1l2n2l3

+ n1l2l2l3)c15 + m1m2m2m3 c22 + (m1n2n2m3 + n1m2m2n3)c23

+ (l1m2m2n3 + 2 m1l2n2m3 + n1m2m2l3)c25 + n1n2n2n3 c33

+ (l1n2n2n3 + 2 n1l2n2n3 + n1n2n2l3)c35 + (2 m1m2n2n3 + 2 n1m2n2m3)c44

+ (2 l1m2n2m3 + 2 m1l2m2n3 + 2 m1m2n2l3 + 2 n1l2m2m3)c46

+ (2 l1l2n2n3 + 2 n1l2n2l3)c55 + (2 l1l2m2m3 + 2 m1l2m2l3)c66

c’26 = l1l2l2l2 c11 + (l1l2m2m2 + m1l2l2m2)c12 + (l1l2n2n2 + n1l2l2n2)c13 + (3 l1l2l2n2 + n1l2l2l2)c15

+ m1m2m2m2 c22 + (m1m2n2n2 + n1m2m2n2)c23 + (l1m2m2n2 + 2 m1l2m2n2 + n1l2m2m2)c25

+ n1n2n2n2 c33 + (l1n2n2n2 + 3 n1l2n2n2)c35 + (2 m1m2n2n2 + 2 n1m2m2n2)c44

+ (2 l1m2m2n2 + 4 m1l2m2n2 + 2 n1l2m2m2)c46 + (2 l1l2n2n2 + 2 n1l2l2n2)c55

+ (2 l1l2m2m2 + 2 m1l2l2m2)c66

c’33 = l3l3l3l3 c11 + 2 l3l3m3m3 c12 + 2 l3l3n3n3 c13 + 4 l3l3l3n3 c15 + m3m3m3m3 c22

+ 2 m3m3n3n3 c23 + 4 l3m3m3n3 c25 + n3n3n3n3 c33 + 4 l3n3n3n3 c35 + 4 m3m3n3n3 c44

+ 8 l3m3m3n3 c46 + 4 l3l3n3n3 c55 + 4 l3l3m3m3 c66

c’34 = l2l3l3l3 c11 + (l2l3m3m3 + m2l3l3m3)c12 + (l2l3n3n3 + n2l3l3n3)c13

+ (3 l2l3l3n3 + n2l3l3l3)c15 + m2m3m3m3 c22 + (m2m3n3n3 + n2m3m3n3)c23

+ (l2m3m3n3 + 2 m2l3m3n3 + n2l3m3m3)c25 + n2n3n3n3 c33 + (l2n3n3n3 + 3 n2l3n3n3)c35

+ (2 m2m3n3n3 + 2 n2m3m3n3)c44 + (2 l2m3m3n3 + 4 m2l3m3n3 + 2 n2l3m3m3)c46

+ (2 l2l3n3n3 + 2 n2l3l3n3)c55 + (2 l2l3m3m3 + 2 m2l3l3m3)c66

c’35 = l1l3l3l3 c11 + (l1l3m3m3 + m1l3l3m3)c12 + (l1l3n3n3 + n1l3l3n3)c13

+ (3 l1l3l3n3 + n1l3l3l3)c15 + m1m3m3m3 c22 + (m1m3n3n3 + n1m3m3n3)c23

+ (l1m3m3n3 + 2 m1l3m3n3 + n1l3m3m3)c25 + n1n3n3n3 c33 + (l1n3n3n3 + 3 n1l3n3n3)c35

+ (2 m1m3n3n3 + 2 n1m3m3n3)c44 + (2 l1m3m3n3 + 4 m1l3m3n3 + 2 n1l3m3m3)c46

+ (2 l1l3n3n3 + 2 n1l3l3n3)c55 + (2 l1l3m3m3 + 2 m1l3l3m3)c66

c’36 = l1l2l3l3 c11 + (l1l2m3m3 + m1m2l3l3)c12 + (l1l2n3n3 + n1n2l3l3)c13

+ (2 l1l2l3n3 + l1n2l3l3 + n1l2l3l3)c15 + m1m2m3m3 c22 + (m1m2n3n3 + n1n2m3m3)c23

+ (l1n2m3m3 + 2 m1m2l3n3 + n1l2m3m3)c25 + n1n2n3n3 c33 + (l1n2n3n3 + n1l2n3n3

+ 2 n1n2l3n3)c35 + (2 m1n2m3n3 + 2 n1m2m3n3)c44 + (2 l1m2m3n3 + 2 m1l2m3n3

+ 2 m1n2l3m3 + 2 n1m2l3m3)c46 + (2 l1n2l3n3 + 2 n1l2l3n3)c55 + (2 l1m2l3m3 + 2 m1l2l3m3)c66

c’44 = l2l2l3l3 c11 + 2 l2m2l3m3 c12 + 2 l2n2l3n3 c13 + (2 l2l2l3n3 + 2 l2n2l3l3)c15

+ m2m2m3m3 c22 + 2 m2n2m3n3 c23 + (2 l2m2m3n3 + 2 m2n2l3m3)c25 + n2n2n3n3 c33

+ (2 l2n2n3n3 + 2 n2n2l3n3)c35 + (m2m2n3n3 + 2 m2n2m3n3 + n2n2m3m3)c44

+ (2 l2m2m3n3 + 2 l2n2m3m3 + 2 m2m2l3n3 + 2 m2n2l3m3)c46

+ (l2l2n3n3 + 2 l2n2l3n3 + n2n2l3l3)c55 + (l2l2m3m3 + 2 l2m2l3m3 + m2m2l3l3)c66

c’45 = l1l2l3l3 c11 + (l1m2l3m3 + m1l2l3m3)c12 + (l1n2l3n3 + n1l2l3n3)c13

+ (2 l1l2l3n3 + l1n2l3l3 + n1l2l3l3)c15 + m1m2m3m3 c22 + (m1n2m3n3 + n1m2m3n3)c23

+ (l1m2m3n3 + m1l2m3n3 + m1n2l3m3 + n1m2l3m3)c25 + n1n2n3n3 c33

+ (l1n2n3n3 + n1l2n3n3 + 2 n1n2l3n3)c35 + (m1m2n3n3 + m1n2m3n3 + n1m2m3n3



- 215 -

+ n1n2m3m3)c44 + (l1m2m3n3 + l1n2m3m3 + m1l2m3n3 + 2 m1m2l3n3 + m1n2l3m3

+ n1l2m3m3 + n1m2l3m3 )c46 + (l1l2n3n3 + l1n2l3n3 + n1l2l3n3 + n1n2l3l3)c55

+ (l1l2m3m3 + l1m2l3m3 + m1l2l3m3 + m1m2l3l3)c66

c’46 = l1l2l2l3 c11 + (l1l2m2m3 + m1l2m2l3)c12 + (l1l2n2n3 + n1l2n2l3)c13

+ (l1l2l2n3 + 2 l1l2n2l3 + n1l2l2l3)c15 + m1m2m2m3 c22 + (m1m2n2n3 + n1m2n2m3)c23

+ (l1m2n2m3 + m1l2m2n3 + m1m2n2l3 + n1l2m2m3)c25 + n1n2n2n3 c33

+ (l1n2n2n3 + 2 n1l2n2n3 + n1n2n2l3)c35 + (m1m2n2n3 + m1n2n2m3 + n1m2m2n3

+ n1m2n2m3)c44 + (l1m2m2n3 + l1m2n2m3 + m1l2m2n3 + 2 m1l2n2m3 + m1m2n2l3

+ n1l2m2m3 + n1m2m2l3)c46 + (l1l2n2n3 + l1n2n2l3 + n1l2l2n3 + n1l2n2l3)c55

+ (l1l2m2m3 + l1m2m2l3 + m1l2l2m3 + m1l2m2l3)c66

c’55 = l1l1l3l3 c11 + 2 l1m1l3m3 c12 + 2 l1n1l3n3 c13 + (2 l1l1l3n3 + 2 l1n1l3l3)c15

+ m1m1m3m3 c22 + 2 m1n1m3n3 c23 + (2 l1m1m3n3 + 2 m1n1l3m3)c25 + n1n1n3n3 c33

+ (2 l1n1n3n3 + 2 n1n1l3n3)c35 + (m1m1n3n3 + 2 m1n1m3n3 + n1n1m3m3)c44

+ (2 l1m1m3n3 + 2 l1n1m3m3 + 2 m1m1l3n3 + 2 m1n1l3m3)c46

+ (l1l1n3n3 + 2 l1n1l3n3 + n1n1l3l3)c55 + (l1l1m3m3 + 2 l1m1l3m3 + m1m1l3l3)c66

c’56 = l1l1l2l3 c11 + (l1m1l2m3 + l1m1m2l3)c12 + (l1n1l2n3 + l1n1n2l3)c13

+ (l1l1l2n3 + l1l1n2l3 + 2 l1n1l2l3)c15 + m1m1m2m3 c22 + (m1n1m2n3 + m1n1n2m3)c23

+ (l1m1m2n3 + l1m1n2m3 + m1n1l2m3 + m1n1m2l3)c25 + n1n1n2n3 c33

+ (2 l1n1n2n3 + n1n1l2n3 + n1n1n2l3)c35 + (m1m1n2n3 + m1n1m2n3 + m1n1n2m3

+ n1n1m2m3)c44 + (l1m1m2n3 + l1m1n2m3 + 2 l1n1m2m3 + m1m1l2n3 + m1m1n2l3

+ m1n1l2m3 + m1n1m2l3)c46 + (l1l1n2n3 + l1n1l2n3 + l1n1n2l3 + n1n1l2l3)c55

+ (l1l1m2m3 + l1m1l2m3 + l1m1m2l3 + m1m1l2l3)c66

c’66 = l1l1l2l2 c11 + 2 l1m1l2m2 c12 + 2 l1n1l2n2 c13 + (2 l1l1l2n2 + 2 l1n1l2l2)c15

+ m1m1m2m2 c22 + 2 m1n1m2n2 c23 + (2 l1m1m2n2 + 2 m1n1l2m2)c25 + n1n1n2n2 c33

+ (2 l1n1n2n2 + 2 n1n1l2n2)c35 + (m1m1n2n2 + 2 m1n1m2n2 + n1n1m2m2)c44

+ (2 l1m1m2n2 + 2 l1n1m2m2 + 2 m1m1l2n2 + 2 m1n1l2m2)c46

+ (l1l1n2n2 + 2 l1n1l2n2 + n1n1l2l2)c55 + (l1l1m2m2 + 2 l1m1l2m2 + m1m1l2l2)c66

8 s

s’11 = l1l1l1l1 s11 + 2 l1l1m1m1 s12 + 2 l1l1n1n1 s13 + 2 l1l1l1n1 s15 + m1m1m1m1 s22

+ 2 m1m1n1n1 s23 + 2 l1m1m1n1 s25 + n1n1n1n1 s33 + 2 l1n1n1n1 s35 + m1m1n1n1 s44

+ 2 l1m1m1n1 s46 + l1l1n1n1 s55 + l1l1m1m1 s66

s’12 = l1l1l2l2 s11 + (l1l1m2m2 + m1m1l2l2)s12 + (l1l1n2n2 + n1n1l2l2)s13 + (l1l1l2n2 + l1n1l2l2)s15

+ m1m1m2m2 s22 + (m1m1n2n2 + n1n1m2m2)s23 + (l1n1m2m2 + m1m1l2n2)s25 + n1n1n2n2 s33

+ (l1n1n2n2 + n1n1l2n2)s35 + m1n1m2n2 s44 + (l1m1m2n2 + m1n1l2m2)s46

+ l1n1l2n2 s55 + l1m1l2m2 s66

s’13 = l1l1l3l3 s11 + (l1l1m3m3 + m1m1l3l3)s12 + (l1l1n3n3 + n1n1l3l3)s13 + (l1l1l3n3 + l1n1l3l3)s15

+ m1m1m3m3 s22 + (m1m1n3n3 + n1n1m3m3)s23 + (l1n1m3m3 + m1m1l3n3)s25 + n1n1n3n3 s33

+ (l1n1n3n3 + n1n1l3n3)s35 + m1n1m3n3 s44 + (l1m1m3n3 + m1n1l3m3)s46 + l1n1l3n3 s55
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+ l1m1l3m3 s66

s’14 = 2 l1l1l2l3 s11 + (2 l1l1m2m3 + 2 m1m1l2l3)s12 + (2 l1l1n2n3 + 2 n1n1l2l3)s13

+ (l1l1l2n3 + l1l1n2l3 + 2 l1n1l2l3)s15 + 2 m1m1m2m3 s22 + (2 m1m1n2n3 + 2 n1n1m2m3)s23

+ (2 l1n1m2m3 + m1m1l2n3 + m1m1n2l3)s25 + 2 n1n1n2n3 s33

+ (2 l1n1n2n3 + n1n1l2n3 + n1n1n2l3)s35 + (m1n1m2n3 + m1n1n2m3)s44

+ (l1m1m2n3 + l1m1n2m3 + m1n1l2m3 + m1n1m2l3)s46 + (l1n1l2n3 + l1n1n2l3)s55 

+ (l1m1l2m3 + l1m1m2l3)s66

s’15 = 2 l1l1l1l3 s11 + (2 l1l1m1m3 + 2 l1m1m1l3)s12 + (2 l1l1n1n3 + 2 l1n1n1l3)s13

+ (l1l1l1n3 + 3 l1l1n1l3)s15 + 2 m1m1m1m3 s22 + (2 m1m1n1n3 + 2 m1n1n1m3)s23

+ (l1m1m1n3 + 2 l1m1n1m3 + m1m1n1l3)s25 + 2 n1n1n1n3 s33 + (3 l1n1n1n3 + n1n1n1l3)s35

+ (m1m1n1n3 + m1n1n1m3)s44 + (l1m1m1n3 + 2 l1m1n1m3 + m1m1n1l3)s46

+ (l1l1n1n3 + l1n1n1l3)s55 + (l1l1m1m3 + l1m1m1l3)s66

s’16 = 2 l1l1l1l2 s11 + (2 l1l1m1m2 + 2 l1m1m1l2)s12 + (2 l1l1n1n2 + 2 l1n1n1l2)s13 

+ (l1l1l1n2 + 3 l1l1n1l2)s15 + 2 m1m1m1m2 s22 + (2 m1m1n1n2 + 2 m1n1n1m2)s23

+ (l1m1m1n2 + 2 l1m1n1m2 + m1m1n1l2)s25 + 2 n1n1n1n2 s33 + (3 l1n1n1n2 + n1n1n1l2)s35

+ (m1m1n1n2 + m1n1n1m2)s44 + (l1m1m1n2 + 2 l1m1n1m2 + m1m1n1l2)s46

+ (l1l1n1n2 + l1n1n1l2)s55 + (l1l1m1m2 + l1m1m1l2)s66

s’22 = l2l2l2l2 s11 + 2 l2l2m2m2 s12 + 2 l2l2n2n2 s13 + 2 l2l2l2n2 s15 + m2m2m2m2 s22

+ 2 m2m2n2n2 s23 + 2 l2m2m2n2 s25 + n2n2n2n2 s33 + 2 l2n2n2n2 s35 + m2m2n2n2 s44

+ 2 l2m2m2n2 s46 + l2l2n2n2 s55 + l2l2m2m2 s66

s’23 = l2l2l3l3 s11 + (l2l2m3m3 + m2m2l3l3)s12 + (l2l2n3n3 + n2n2l3l3)s13 + (l2l2l3n3 + l2n2l3l3)s15

+ m2m2m3m3 s22 + (m2m2n3n3 + n2n2m3m3)s23 + (l2n2m3m3 + m2m2l3n3)s25 + n2n2n3n3 s33

+ (l2n2n3n3 + n2n2l3n3)s35 + m2n2m3n3 s44 + (l2m2m3n3 + m2n2l3m3)s46 + l2n2l3n3 s55

+ l2m2l3m3 s66

s’24 = 2 l2l2l2l3 s11 + (2 l2l2m2m3 + 2 l2m2m2l3)s12 + (2 l2l2n2n3 + 2 l2n2n2l3)s13

+ (l2l2l2n3 + 3 l2l2n2l3)s15 + 2 m2m2m2m3 s22 + (2 m2m2n2n3 + 2 m2n2n2m3)s23

+ (l2m2m2n3 + 2 l2m2n2m3 + m2m2n2l3)s25 + 2 n2n2n2n3 s33 + (3 l2n2n2n3 + n2n2n2l3)s35

+ (m2m2n2n3 + m2n2n2m3)s44 + (l2m2m2n3 + 2 l2m2n2m3 + m2m2n2l3)s46

+ (l2l2n2n3 + l2n2n2l3)s55 + (l2l2m2m3 + l2m2m2l3)s66

s’25 = 2 l1l2l2l3 s11 + (2 l1m2m2l3 + 2 m1l2l2m3)s12 + (2 l1n2n2l3 + 2 n1l2l2n3)s13

+ (l1l2l2n3 + 2 l1l2n2l3 + n1l2l2l3)s15 + 2 m1m2m2m3 s22 + (2 m1n2n2m3 + 2 n1m2m2n3)s23

+ (l1m2m2n3 + 2 m1l2n2m3 + n1m2m2l3)s25 + 2 n1n2n2n3 s33

+ (l1n2n2n3 + 2 n1l2n2n3 + n1n2n2l3)s35 + (m1m2n2n3 + n1m2n2m3)s44

+ (l1m2n2m3 + m1l2m2n3 + m1m2n2l3 + n1l2m2m3)s46 + (l1l2n2n3 + n1l2n2l3)s55

+ (l1l2m2m3 + m1l2m2l3)s66

s’26 = 2 l1l2l2l2 s11 + (2 l1l2m2m2 + 2 m1l2l2m2)s12 + (2 l1l2n2n2 + 2 n1l2l2n2)s13

+ (3 l1l2l2n2 + n1l2l2l2)s15 + 2 m1m2m2m2 s22 + (2 m1m2n2n2 + 2 n1m2m2n2)s23
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