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Abstract

Recent developments in computer technology have made it possible to analyze
all the data in a huge database. Data mining is to analyze all the data in a huge
database and to obtain useful information for database users. One of the well-
studied problems in data mining is the search for meaningful association rules in
a market basket database which contains massive amounts of sales transactions.
The problem of mining meaningful association rules is to find all the sets of
correlated items first, and then to construct meaningful association rules from
the sets of correlated items. This thesis discusses the issues associated with the
problem of mining meaningful association rules.

The notion of support has been proposed as a measure which indicates a de-
gree of correlation among the items in a given itemset. An itemset is called large
if its support exceeds a given threshold. Although a number of algorithms for
computing all the large itemsets have been proposed, the computational com-
plexity of them is scarcely discussed. The performances of most of the algorithms
are estimated only by empirical evaluation through benchmark tests. This thesis
defines the large itemset problem formally as deciding whether there exists a large
itemset with a given size, and shows the NP-completeness of the problem. From
this result, it has become clear that finding all the large itemsets (and there-

fore, all the meaningful association rules) is impossible in polynomial time in the
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size of a database unless P=NP. Furthermore, this thesis proposes a subclass of
databases for which we can efficiently find all the large itemsets.

Also, several disadvantages of the support have been pointed out. For exam-
ple, the support of an itemset tends to be high if the itemset contains items with
high supports, regardless of the relationship among the items. This thesis pro-
poses alternative measures to the support, which are defined by the combinations

of the aspects such as

o the ratio of the actual value of the support of a given itemset to the expected
value of the support of the itemset, based on the assumption of statistical

independence,
o the fraction of transactions which do not contain any item in a given itemset,

and so on. For each measure, an itemset is called highly co-occurrent if the value
indicating the correlation among the items exceeds a given threshold. This thesis
defines the highly co-occurrent itemset problem formally as deciding whether there
exists a highly co-occurrent itemset with a given size, and shows that the problem
is NP-complete under whichever measure. Furthermore, this thesis proposes sub-
classes of databases for which we can efficiently find all the highly co-occurrent

itemsets.

Keywords:
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Chapter 1

Introduction

Recent developments in computer technology have made it possible to analyze
all the data in a huge database. Data mining is to analyze all the data in a huge
database and to obtain useful information for database users. In this thesis, we
deal with so-called market basket databases. A market basket database consists
of transactions, where each transaction consists of a set of items. For example,
consider a market basket database Dy shown in Figure 1.1. A transaction ¢
indicates that bread, ham, bacon, and milk were purchased together by a customer
in a single visit to a store. By examining D, we can identify a rule that “if bacon
is purchased in a transaction, then it is likely that lettuce and tomato will also be

purchased in that transaction.”

This rule indicates the high correlation among
bacon, lettuce, and tomato. Such information is useful for marketing plans such
as price management and stock management, also the layout of items.

A set of items is called an itemset. An association rule is a formula of the
form X = Y, where X and Y are disjoint itemsets. An intuitive meaning of this
formula is that if every item in X is purchased in a transaction, then it is likely
that every item in Y will also be purchased. For example, the rule stated above
can be represented as {bacon} = {lettuce, tomato}. There are two important
measures for an association rule introduced by Agrawal et al. [1], called support
and confidence. The support of an itemset is the fraction of transactions that
contain the itemset. An itemset is called large if its support exceeds a given

threshold. The support of a rule X = Y is the fraction of transactions that
contain both X and Y. The confidence of a rule X = Y is the fraction of



t1 | {bread, ham, bacon, milk}
ty | {bacon, lettuce, tomato, cornflakes, milk}
t3 | {cornflakes, milk}

ty | {bacon, lettuce, tomato, eggs}

ts | {bacon, lettuce, tomato}
te | {cornflakes, milk}

Figure 1.1. A market basket database D;.

transactions containing X that also contain Y. For the association rule X = Y
to hold, X UY must be large and the confidence of the rule must exceed a given
confidence threshold. In this thesis, we will refer to measuring an association rule

by support and confidence as the support-confidence framework.

Example 1.1 Consider D; shown in Figure 1.1. Let X = {bacon} and Y =
{lettuce, tomato}. The number of transactions in D; is 6. Transactions which
contain both X and Y are t,, t4, and 5, and then the number of transactions
which contain both X and Y is 3. Therefore, the support of a rule X = Y is
1/,. Transactions which contain X are ty, {,, t4, and t5, and then the number
of transactions which contain X is 4. Also, the number of transactions which
contain both X and Y is 3. Therefore, the confidence of the rule X = Y is3/s.
That is, 75% of transactions that purchase {bacon} also purchase {lettuce} and
{tomato}. 0

One of the well-studied problems in data mining is the search for meaningful
association rules in a market basket database which contains massive amounts
of transactions [1-4,10,11,13-15,17,18,20]. The problem of mining meaningful
association rules is to find all the association rules that have support and con-
fidence greater than or equal to certain user-defined thresholds called minimum
support and minimum confidence respectively. This problem can be decomposed

into two subproblems:

1. Find all the large itemsets with support greater than or equal to the mini-

mum support.



t1 | {cereal, bacon, eggs, milk, tea}

ty | {cornflakes, milk, bread, coffee, eggs}

t3 | {bread, coffee, eggs}
ty | {cornflakes, milk, bread, coffee}
ts | {cornflakes, milk, bread, coffee}
tg | {bread, coffee, eggs}

Figure 1.2. A market basket database Dj.

2. Construct rules with confidence greater than or equal to the minimum con-
fidence from the large itemsets in step 1. Having determined the large item-
sets, the second problem is rather straightforward. For example, if {z,y,2}

is a large itemset, then we might check the confidence of {z,y} = {z},
{z,2} = {y}, and {y, 2} = {x}.

Although a number of algorithms for computing all the large itemsets have
been proposed [1,3,4,6,7,9,15,17,20], the computational complexity is scarcely
discussed. The performances of most of the algorithms are estimated only by em-
pirical evaluation through benchmark tests. This thesis defines the large itemset
problem formally as deciding whether there exists a large itemset with a given
size, and shows that the problem is NP-complete. From this result, it has become
clear that finding all the large itemsets (and therefore, all the meaningful asso-
ciation rules) is impossible in polynomial time in the size of a database unless
P=NP.

Furthermore, this thesis introduces the notion of (k, ¢)-sparsity of databases.
Intuitively, (k, ¢)-sparsity of a database means that the supports of itemsets of size
k or more are considerably low in the database. The value of ¢ represents a degree
of sparsity. Using (k, ¢)-sparsity, this thesis proposes a subclass of databases for
which we can efficiently find all the large itemsets.

Also, several disadvantages of the support have been pointed out in Refer-
ences [5,6,16]. For example, the support of an itemset tends to be high if the
itemset contains items with high supports, regardless of the correlation among

the items. We will explain this in the following example.



Example 1.2 Consider Dy shown in Figure 1.2. Suppose that the minimum
support is 0.3. The support of an itemset Z = {coffee, eggs} is 0.5, and hence
Z is large. On the other hand, the supports of {coffee} and {eggs} are 55 and
/s, respectively. Thus, the support of Z is smaller than the expected value of
the support of Z (55 x 4/s ~ 0.56) which is calculated under the assumption that
coffee and eggs are purchased independently. That is, it cannot be said that the

items in Z have high correlation. O

This thesis proposes alternative measures to the support, which are defined

by the combinations of the aspects such as

o the ratio of the actual value of the support of a given itemset to the expected
value of the support of the itemset, based on the assumption of statistical

independence,
o the fraction of transactions which do not contain any item in a given itemset,

and so on. Some of these measures are similar to the previous works such as
collective strength in Reference [5] and dependence in Reference [16].

For each measure, an itemset is called highly co-occurrent if the value indi-
cating the correlation among the items exceeds a given threshold. This thesis
also shows that finding all the highly co-occurrent itemsets is still NP-hard under
whichever measure, including collective strength.

Furthermore, using (k, ¢)-sparsity, this thesis proposes subclasses of databases
for which we can efficiently find all the highly co-occurrent itemsets.

The rest of this thesis is organized as follows. Chapter 2 formally defines the
large itemsets problem based on the support-confidence framework and shows
the NP-completeness of the problem. Furthermore, we propose a subclass of
databases for which we can efficiently find all the large itemsets. Chapter 3 defines
several alternative measures to the support. Then, we show that the problem of
finding all the highly co-occurrent itemsets is NP-hard under whichever measure
we define. Furthermore, we propose subclasses of databases for which we can
efficiently find all the highly co-occurrent itemsets. Chapter 4 summarizes this
thesis.



Chapter 2

Computational Complexity of
Finding All the Large Itemsets

This chapter formally defines the large itemset problem based on the support-
confidence framework and shows the NP-completeness of the problem. From this
result, it has become clear that finding all the large itemsets (and therefore, all
the meaningful association rules) is impossible in polynomial time in the size of
a database unless P=NP. Furthermore, we propose a subclass of databases for

which we can efficiently find all the large itemsets.

2.1 Large Itemsets and Meaningful Associa-

tion Rules

Let I be a finite set of items. A subset X of [ is called an itemset. The size of X,
denoted by | X/, is the number of items in X. A market basket database (MBD) D
is a finite multiset of itemsets; that is, [ may contain multiple occurrences of the
same itemset. An itemset in D is also called a transaction in D. Let |D| denote
the number of transactions in D. The size of D, denoted by |[|D]|, is defined as
|D| - |I| (each transaction is supposed to be implemented by a |[]-digit binary
number).

We say that a transaction ¢ in D supports an itemset X if X C ¢ [1]. By

supp(X), we mean the number of transactions in D that support X. For a given



positive integer s (0 < s < |DJ), called minimum support number, we say that
an itemset X is large in D if supp(X) > s. The support rate suprpy(X) of an

itemset X in D is defined as follows:
s supp(X)
cuprp(X) 2
For a given real number r (0 < r < 1), called minimum support rate, we say
that an itemset X is large in D if suprp(X) > r. Note that when D is provided,
we can use the minimum support number s and the minimum support rate r
interchangeably by letting s = |r x |D|].

By finding large itemsets in DD, we can identify sets of items that are frequently

purchased together.

Example 2.1 Consider an MBD D shown in Figure 1.1. Suppose that the min-
imum support rate r is 0.3. Consider two itemsets X = {bread, ham, bacon}
and Y = {bacon, lettuce, tomato}. X is supported only by #;, and hence
suprp, (X) =~ 0.17 < r. Therefore, X is not large in Dy. On the other hand,
Y is supported by 13,14, and t5, and hence suprp (Y) = 0.5 > r. Therefore, Y is
large in Dy. O

An association rule is a formula of the form X = Y, where X and Y are
disjoint itemsets. An intuitive meaning of this formula is that if every item in X
is purchased in a transaction, then it is likely that every item in Y will also be
purchased. The support rate suprp(X = Y') of an association rule X = Y in D
is defined as supr, (X UY). For a given non-negative real number r (0 < r < 1),
called minimum support rate, we say that an association rule X = Y is large in
D if suprp(X = Y) > r. The confidence conf,(X = Y) of an association rule
X = Y in D is defined as follows [1]:

A supp(XUY)
supp(X)

For a given non-negative real number f (0 < f < 1), called minimum confidence,

confp(X =Y)

we say that an association rule X = Y is confident in D if confp(X = Y) > f.
The support and confidence have been proposed as criteria for mining an
association rule by Agrawal et al. [1]. We propose another criterion, called right-

hand side size. The right-hand side (rhs) size of an association rule X = Y is



the number of items in Y, i.e., |Y|. For a given positive integer w (0 < w < |I]),
called minimum rhs size, we say that an association rule X = Y has the rhs size
if |Y|> w.

For a given r, f, and w, we say that an association rule X = Y is meaningful
with respect to r, f, and w, or simply meaningful when r, f, and w are clear from
the context, if the rule satisfies all of the following conditions C1, C2, and C3.

Cl. X =Y is large.
C2. X = Y is confident.

C3. X = Y has the minimum rhs size.

The intuitive meaning of each condition is as follows. Condition C1 states
that X and Y are purchased together frequently. Condition C2 states that if X
is purchased, then Y is likely to be purchased together. Condition C3 is required

because we want to predict as much information as possible.

Example 2.2 Consider D; shown in Figure 1.1. Suppose that the minimum
support rate r is 0.3, the minimum confidence f is 0.6, and the minimum rhs size

w is 2. Let us consider the following four association rules.

1. ary: {bread} = {ham, bacon}
ary is not large because suprDl(arl) = 1s < r. That is, ar; does not
satisfy C1. This indicates that bread, ham, and bacon are rarely purchased
together.

2. ary: {bacon} = {milk}
ary is large because suprp (ary) =1/3 > r. That is, ar; satisfies C1. How-
ever, ary is not confident because confp (ar;) =1/ < f. This indicates
that when bacon is purchased, the probability that milk is also purchased
together is not so high.

3. ars: {bacon, lettuce, tomato} = 0
ars is large because suprp (ars) = 1/ > r, and also confident because
confp (ars) =1 > f. That is, ars satisfies C1 and C2. However, it does
not have the given rhs size because its rhs size is 0 < w. That is, even if

we can predict that many customers purchase bacon, lettuce, and tomato



together (in such a situation that the store manager sells bacon, lettuce,
and tomato at a special bargain sale), there is no other item (in general,
less than w items) which can be expected to be purchased together. Thus,

ars can be considered to be useless.

4. ary: {bacon} = {lettuce, tomato}
ary is large because suprp (ary) =1/ > r, and is also confident because
confp, (ary) =3/s > f, and has the given rhs size because its rhs size is
2 > w. Since ary satisfies all of the conditions C1, C2, and C3, ary is a

meaningful association rule. O

It we can obtain a meaningful association rule, then it is useful for the fol-
lowing case, for instance. Consider the case that we have obtained a meaningful
association rule {bacon} = {lettuce, tomato} by analyzing an MBD of a grocery
store. Then, when the store manager sells bacon at a special bargain sale, he can
avoid being out of stock by having a lot of lettuce and tomato in stock.

In Figure 2.1, we propose an algorithm which computes all the meaningtul

association rules in a given database.

Theorem 2.1 All the meaningful association rules can be computed using Pro-

cedure FIND-MAR shown in Figure 2.1.

Proof: (soundness): We show that every association rule X = Y obtained by
Procedure FIND-MAR shown in Figure 2.1 satisfies all of the conditions C1, C2,
and C3. Since every rule X = Y is obtained as a result of Procedure FIND-MAR,
X = Y must satisfy the if statement in step 9. That is, |Y| > w, and X = YV
satisfies C3. Since the if statement in step 9 is executed for each association rule
in AR obtained in step 7, X = Y must be in AR. That is, X = Y must satisfy
the if statement in step 5, and confp(X = Y) > ¢. Hence X = Y satisfies C2.
Since the if statement in step 5 is executed for each itemset in LI, X UY must
be in LI. That is, suprp(X = Y) > r. Hence X = Y is large, and satisfies
Cl. Consequently, every association rule obtained by Procedure FIND-MAR is
meaningful.

(completeness): We show that all the meaningful association rules can be obtained

by Procedure FIND-MAR shown in Figure 2.1. Suppose that an association rule



—
o)

procedure FIND-MAR

Input  : an MBD D, a set of items [, a minimum support rate r,

a minimum confidence ¢, a minimum rhs size w

Output : all the meaningful association rules in D
begin
Compute the set LI of all the large itemsets
whose support rates are greater than or equal to r.
AR = 0;
for all Z € LI do
for all X C 7 do
if % > ¢ then
Y =7-X,;
AR := ARU{X = Y};
for all X = Y € AR do
if |Y| > w then
Output the association rule X = Y

end

Figure 2.1. Procedure FIND-MAR.



X' = Y’ satisfies all of the conditions C1, C2, and C3. By C1, X' = Y’ is large.
That is, suprp(X’ = Y’) > r. Since the support rate of X’ U Y’ is at least r,
7' = X'UY" is a large itemset. Thus, 7’ is added to L[ at step 1. By C2, X' = Y
is confident. That is, confp(X' = Y') > ¢e. When Z = Z'(= X'UY’) € LI and
X = X' in step 5, the if statement holds. Thus, X' = Y’ (i.e., X = V) is added
to AR in step 7. By C3, X' = Y’ has the minimum rhs size. That is, |Y'| > w,
and X = Y is output at step 10. a

As seen in Procedure FIND-MAR, once we have obtained all the large itemsets,
then all the meaningful association rules can be easily constructed from the large
itemsets. Therefore, in the following sections, we concentrate on finding all the

large itemsets.

2.2 NP-Completeness of the Large Itemset
Problem

This section defines the large itemset problem, and shows the NP-completeness

of the problem.

Definition 2.1 (large itemset problem): Given an MBD D, a minimum support
rate r (or minimum support number s), and a positive integer h called minimum

itemset size, is there a large itemset in D of size at least A7 O
Let us first prove that the large itemset problem is in NP.
Lemma 2.1 The large itemset problem is in NP.

Proof: Note that if an itemset X is large in an MBD D, then every subset of X
is also large in D). Thus if there is a large itemset in D of size at least h, then
there must be a large itemset in D of size exactly h. We can guess an itemset of
size b in NP time. After that, it can be tested in a straightforward way in linear
time to ||D|| whether the itemset is large in D. Hence Lemma 2.1 holds. 0

In the following, we show the NP-hardness of the large itemset problem by
reducing the well-known clique problem [12] to the large itemset problem. To
make the reduction simple, we suppose that a minimum support number s is

given in the large itemset problem.

10



As an instance of the clique problem, let us consider an undirected graph
G = (V,F) and a positive integer k. Let V = {v,...,v,}. From G and k, we
construct an instance of the large itemset problem; that is, a set of items [, a
minimum support number s, a minimum itemset size h, and an MBD D¢, as

follows:

(1) Let I ={ay,...,a,}U{ay,...,a,}. Intuitively, a; and @, mean that “v; is a
member of the clique” and “v; is not a member of the clique,” respectively.
Thus, a; is incompatible with a;. For example, when n = 3, an itemset

{a1, @z, a3} means that “the clique consists of v; and v3.”

(2) Lets:k—|—(n—|—1)(g).
(3) Let h =n.

To define Dg, let U denote the union operator to multisets (i.e., the union operator

which counts multiple occurrences of elements).

(4) Let Dg = DyUDcUDcU---UDg, where Dy and D¢ are sets of transac-

n+1
tions which will be defined later.

Before defining Dy and D¢, we provide their intuitive meanings. An itemset X
is called consistent if X contains exactly one of a; and @; for each ¢« (1 < ¢ < n).
Note that the size of any consistent itemset is n. Then it will turn out that Dy

and D¢ have the following properties, respectively.

Property 1 G has a k-clique if and only if there exists a consistent itemset X
such that supp (X) > k. O

Property 2 Let X be an itemset of size n. Then, supp_(X) = (Z) if X is

consistent, and supp_(X) < (Z) — 1 otherwise. O

Since supp (X)) = supp (X) + (n + 1)supp,(X) from the definition of Dg, it

follows from the above properties that GG has a k-clique if and only if there exists

11



an itemset X such that X is consistent and SupDG(X) > k+(n+ 1)(2) = s,

that is, X is large in D¢g. Hence we will have the desired result so that the large
itemset problem is NP-hard (the details will be given in Lemma 2.6). Now let us
define Dy and D¢, as follows:

L DV é{‘/lvvvn}v
where V; = {a;} U {q; | (vi,v;) € E}U{a; |1# jand 1 <j < n}.
o Do ={I—{ay, 5} | aq,a0 €T and oy # ayy — {1 — {a;,a;} |1 < i <n}
That is, D¢ is the set of itemsets of size 2n — 2 other than [ — {a;,a;} with
2
i (1 <¢<n). Then, the size of D¢ is (Qn) —n.

Clearly, we can construct [, s, h, and Dg in polynomial time in the size of GG

and k.

Example 2.3 Consider the graph G = (V, E) in Figure 2.2. The constructed
transactions in Dy are illustrated in Figure 2.3, and the transactions in D¢ are
in Figure 2.4 (D4 and Dj shown in Figure 2.4 will be defined later). O

To prove Property 1, we provide the following lemma.

Lemma 2.2 For a consistent itemset X, let A ={i|a; € X} and A={i|a; €
X}. Then, supp , (X) = |A] if and only if

(i) for every ¢ € A, V; supports X, and
(ii) there is no j € A such that V; supports X.

Proof: The if part is obvious. We prove the only if part. Assume that
supp, (X) = |A|. Let j € A. Since a; is in X but not in V;, V; does not
support X. Thus (ii) holds. Since supp (X) = |A| = [V| — |A], the fact (ii)
implies that for every ¢ € A, V; supports X. That is, (i) holds. O

Now, we show Property 1 by the following lemma.

Lemma 2.3 G has a k-clique if and only if there exists a consistent itemset X
such that supp (X) > k.

12



Figure 2.2. A graph G.

Figure 2.3. Transactions in Dy .

ap |ag | as | Gq | Gy | G2 | A3 | 4

Vi, | — | — | @ | @ |0 | e | 0| e

Vijas | — | @ | —| @ |0 | o ||

Dy Vigas | @ | @ | 0| —| 0| 0| —| @
Vi, | — | @ | @ |e|—| e 0| e

Viea, | @ | — | @ | @ |0 | — ||

Vija, | @ | @ | 0| —| 0| 0| 0| —

Figure 2.4. Transactions in D¢.

13

a1 | aqg | as | ag| aq | dg | G | Gy
Vile | e | o | e | —| o]0 e
Vole | e | e | —| e | —| e |e
Vole | e | o | —| e | 0| —|oe
Vile | —| —| e | e | e | e | —
e : the transaction contains the item
( — : the transaction does not contain the item

D¢

|



Proof: (Only if part): Assume that G has a k-clique. Without loss of generality,
let the clique consist of nodes vy, ..., vp. Let X = {ay,...,ap,ap41,...,a,}. Note
that X is consistent. Since vy,...,v; form a clique in G, it holds that (v;,v;) € £
for all distinct ¢ and 5 such that 1 <i,5 < k. Thus it follows from the definition
of V; that {ay,...,a,} CV, for every ¢ (1 < i < k). Furthermore, it also follows
that {@xiy,...,a,} C V; for every ¢ (1 < i < k). Therefore, all of Vi,...,V;
support X. On the other hand, none of Viy1,...,V, supports X since axy; is in
X, but not in Viy; for ¢ (1 <¢ <n — k). Thus, supp (X) = k.

(If part): Assume that there exists a consistent itemset X such that supp (X) =
u > k. Without loss of generality, we assume that X is supported by Vi,.... V,
but not by Vy41,...,V,. From the definition of V;, a; ¢ V;. Since X is consistent,
X contains exactly one of a; and @;. From X CV; (1 < ¢ < u), we have a; € X.
Therefore, {a1,...,a,} € V;. From the definition of Dy, (v;,v;) € F for all
distinct ¢ and j such that 1 < 7,5 < u. Consequently, the nodes vq,...,v, form
a u-clique in G. Since u > k, G has a k-clique. a

To prove Property 2, we define D4 and Dj.

D, = {I —{ay, s} | oy, a0 € T and oy # ay}

Clearly, Do = D4 — Dy, and supp _(X) = supp ,(X) — supp (X) for all X.

Lemma 2.4 Let X be an itemset of size n. Then it holds that supp (X) = (Z) :

Proof: Note that D4 is the set of all itemsets Y such that Y is obtained by
deleting two distinct items from . If ¥ supports X, then the deleted two items
must be in I — X. Since |I| = 2n and | X| = n, it holds that |/ — X| = n. Thus

n
the number of possible deletions of two items from I — X is exactly 5 ) and

hence Lemma 2.4 holds. O
Next, we show Property 2 by the following lemma.

n
Lemma 2.5 For an itemset X of size n, supp_(X) = 5 if X is consistent, and

supp,.(X) < (Z) — 1 otherwise.

14



Proof: Since (1) supp (X) = supp (X) — supp (X) and (2) supp  (X) = (Z)

by Lemma 2.4, it suffices to show that supp, (X) = 0if and only if X is consistent.
(If part): Assume that X is consistent. Then X contains exactly one of a; and
a; for every ¢ (1 < ¢ < n). Thus it follows from the definition of D; that no
transaction in Dy supports X. That is, supp (X) = 0.

(Only if part): Assume that X is not consistent. Then, there exists ¢ (1 <7 < n)
such that (i) a;,a; € X or (ii) a;,a; ¢ X. Since |X| = n, if ;,a;, € X hold
for some ¢, then a;,a; ¢ X hold for some j such that ¢ # j. Thus, without
loss of generality, we assume that a;,a; ¢ X for some j. Then, the transaction
I —{aj,a;} in Dy supports X. Therefore supp (X) > 1. O

Lemma 2.6 G has a k-clique if and only if there exists a large itemset of size n

in Dg.

Proof: (Only if part): Assume that G has a k-clique. By Lemma 2.3, there

exists a consistent itemset X such that supp (X) > k. Since X is consistent,

supp,.(X) = (Z) by Lemma 2.5. Since Dg = DyU DeUDcU---UDg, it holds
n+1

that SupDG(X) = SupDV(X) +(n+ 1)5upDC(X) >k+(n+ 1)(;) = s. Thus, X
is large in Dg.
(If part): Let X be a large itemset of size n in Dg. Assume that X is

not consistent. Then, since (1) supp (X) < [Dy| = n from the definition,

and (2) supp (X) < Z — 1 by Lemma 2.5, it follows that supp_(X) =

SupDV(X) + (n+ 1)5upDC(X) <n-+(n+ 1)((;) —1)=(n+ 1)(3) —1 < s.
This, however, contradicts that X is large in Dg. Thus X must be consis-
tent. Hence supp (X) = Z by Lemma 2.5. Furthermore, since X is large
in Dg, it holds that supp_(X) > s. From these two facts, supp (X) =
sups, (X) = 0+ Doup (X) = 5 = o0+ 1)}

a k-clique. a

) = k. By Lemma 2.3, GG has

NOTE: The proof of NP-completeness of the large itemset problem can be easily
shown by a reduction from the k-balanced complete bipartite subgraph (k-bebs)

15



problem [8]. However, the k-bcbs problem is not a well-known problem. More-
over, Reference [8] says that the NP-completeness of the k-bcbs problem can be
proved by a reduction from the k-clique problem, but the proof has not been pub-
lished. This is why we proved the NP-completeness of the large itemset problem
by the reduction from the k-clique problem.

Note that the number of transactions in Dg is |Dy| + (n + 1)|De| = n +

2
(n 4+ 1)( 2n —n) = me—n = O(n?’). From the above discussions, we have the

following theorem.

Theorem 2.2 The large itemset problem is NP-complete even if the number of
transactions in a given MBD is O(|I]?).

NOTE: In the proof of Lemma 2.6, the minimum support rate of the constructed
s

| D |

we consider [ as a transaction, [ supports any itemset. Similarly, () supports

instance (Dg,s,h) is ~ /. However, this rate is not essential. When
no itemset. For a given minimum support rate r (0 < r < 1) and an instance
(D, s, h), by adding the adequate numbers of [ and @) to D as transactions, we can
reconstruct an instance (D', r, h) preserving the reduction. For example, suppose
that r is a rational number b/a, where a and b are positive integers such that
a > b. Let ¥ > 0 be the number of I added to D, and y > 0 be the number of (
added to D. By solving the following equation:
s+ b b|D|

=r = —

D]+ +y a alD|’

we have © = b|D| — s and y = (¢ — b— 1)|D| + 5. Both x and y are polynomial
in |D|, s, a, and b.

From Theorem 2.2, we cannot compute the maximum number of the elements
of large itemsets in feasible time (i.e., polynomial time). Accordingly in Sec-
tion 2.3, we propose subclasses of databases of which the maximum number of
the elements of large itemsets can be computed efficiently.

As a related problem to the large itemset problem, we will consider the fol-

lowing problem.

16



Definition 2.2 (large intersection problem): Given a finite family S of finite
sets, a positive integer [ called minimum selection number, and a positive in-
teger ¢ called minimum intersection size, are there [ distinct sets sy,...,s in S

such that sy N --- N s; contains at least ¢ elements? O
Corollary 2.1 The large intersection problem is NP-complete.

Proof: It is easy to see that the problem is in NP. In order to prove NP-hardness
of the large intersection problem, we show a reduction from the large itemset
problem to the large intersection problem. Let (D,s,h) be an instance of the
large itemset problem. Let D = {t1,...,1,}. First, we introduce new distinct m
items ¢y,...,¢,. For each transaction ¢; (1 <¢ <m)in D, let ¢! =, U {¢;}. Let

us construct an instance (5,1, ¢) of the large intersection problem, as follows:

(1) Let S = {t/ | 1 <i < m}. Note that S is not a multiset but a set of itemsets

because of the unique item ¢; (1 <@ < m).
(2) Let [ = s.
(3) Let ¢ = h.

Obviously (5,1, ¢) can be constructed in polynomial time in the size of (D, s, h).
The correctness of the reduction can be easily shown from the fact that for all
distinct 41,...,2; such that 1 <y,...,5; <m, &, N---N =t ﬁ---ﬁtgj. O

2.3 Subclass of Databases for which All the
Large Itemsets can be Computed Effi-

ciently

In this section, we introduce the notion of (k,¢)-sparsity, where k is a positive
integer and ¢ is a positive real number. Intuitively, (k, ¢)-sparsity of a database
means that the supports of itemsets of size k& or more are considerably low in
the database. The value of ¢ represents a degree of sparsity. Then, using (&, ¢)-
sparsity, we propose a subclass (k,¢, M)-A of MBDs, where M is a positive
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real number. For a database in (k,c, M)-A, we can efficiently find all the large
itemsets.

First, we define the notion of (k, ¢)-sparsity as follows.

Definition 2.3 ((k,c)-sparsity): A database D is called (k,c)-sparse if for any
itemset X such that |X| > k, there is some € X which satisfies the following
inequality:

suprp(X) < ¢ suprp(X — {a}) - suprp({e}).

a

Note that the infinite union of (k,¢)-sparse MBDs (1 < k < 00, 0 < ¢ < o0)
coincides with the class of all the MBDs.

As an example, consider an MBD of a hot dog stand. In general, the number
of items which one customer purchases in a visit to a hot dog stand tends to be
smaller than that of items to a supermarket, a grocery shop and so on. Thus,
in an MBD of a hot dog stand, for a positive integer k, the support rates of
itemsets of size k or more may be considerably low. Such databases are probably

(k, ¢)-sparse.

Example 2.4 First, consider an MBD D3 shown in Figure 2.5. Let & = 2 and
¢ = 1. The only itemset of size 4 in D3 is X = {hot dog, popcorn, cola, beer},

and

suprp,(X) = % < suprp,(X — {beer}) - suprp, ({beer}) = é : %
Therefore, X and @ = beer satisfy the inequality in Definition 2.3. It is easy
to see that the inequality in Definition 2.3 holds for all the itemsets of size 3.
Therefore, D5 is (2, 1)-sparse.

Next, consider an MBD D, shown in Figure 1.2. Let X' =
{bacon, eggs, milk}. Then, the inequality is not satisfied for any € X’. That

is, X’ does not satisfy Definition 2.3. Hence, D; is not (2, 1)-sparse. a

Class (k,c, M)-A consists of all the (k, ¢)-sparse databases with the following

condition.
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t1 | {hot dog, cola}
ty | {beer}
ts | {hot dog, popcorn, cola}

ty | {popcorn, beer}

ts | {popcorn, cola}
te | {hot dog}

tr | {hot dog, beer}
ts | {hot dog, popcorn, cola, beer}

te | {popcorn, beer}
tip | {cola}

t11 | {popcorn, cola}
t12 | {hot dog, beer}

Figure 2.5. A market basket database Ds.

Condition 2.1 For each item x € I,
suprp({z}) < M.
O

When there is no such item that most of customers purchase in a visit, there
exists a small M such that for each item , the support rate of {z} is at most
M. In such a case, we can assume Condition 2.1 with M.

In addition, we consider the following condition on the minimum support rate.

Condition 2.2 There exists some 1, (0 < r,, < 1) such that the given minimum

support rate r is at least r,,. O

Consider the case that a store manager has a policy that he never sells the items
whose support rates are less than r so far. As a result, the store only sells items
whose support rates are at least . Then, in an MBD of the store, the support
rate of each item may be relatively large. In such a case, to obtain large itemsets,
we need the minimum support rate r which is large to some extent, where we can

assume Condition 2.2.
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When ¢M < 1, the size of any large itemset in a database in (k, ¢, M)-A is
bounded by a constant, which is determined by &, ¢, M, and r,,.

Lemma 2.7 Suppose that a database D is in (k,¢, M)-A with ¢eM < 1 and
Condition 2.2 is satisfied. Let X be a large itemset in D. Then, the following

inequality holds:
log 7,

|X|§k—|—{wJ.

Proof: Let D be a database in (k,¢, M)-A and X be a large itemset in D. Let
X ={xy,...,2;} wheret > k. Then, since D is (k,c)-sparse, there is some z € X
such that

suprp(X) < e suprp(X — {a}) - suprp({a}).

Without loss of generality, let z; be such x. That is,
suprp(X) = suprp({eq, ... 2})
< c-suprp({ay, .. a0 }) - suprp({a}).

By repeating the same argument, we can obtain
¢
suprp(X) < Fsuprp({zy, ..., x1}) - II swrp({z:})
1=k+1
t
< T suprp({ai})

i=k+1
< dTR MR

From Condition 2.2, r,, <r < suprp(X). Thus

r < ct—k . Mt—k

logr, < (t—k)log(eM)

log 7,

t < —_—
= Log(cM )J

log 7,
X| < k+ | —>|.
s |
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Theorem 2.3 Suppose that a database D is in (k,¢, M)-A with ¢M < 1 and
Condition 2.2 is satisfied. Then, all the large itemsets in D) can be computed in

polynomial time in || D||.

Proof: From Lemma 2.7, it is sufficient to consider only itemsets of size at most

kE+ LCI)Z%ZJ\’Z)J. Let | =k + LCI)Z%ZJ\’Z)J. There are at most |]|l itemsets of size less

than or equal to [. It can be checked in O(||D||) time whether a given itemset

X is large in D. Therefore, all the large itemsets in D can be computed in
O(||D|] - [1|') time. Since [ is a constant, all the large itemsets in D can be

computed in polynomial time in || D||. 0

Theorem 2.4 Suppose that a database D is in (k,¢, M)-A with ¢M < 1 and
Condition 2.2 is satisfied. Then, for a given minimum support rate r, a given
minimum confidence f, and a minimum rhs size w, all the meaningful association

rules X = Y can be computed in polynomial time in ||D]|.

Proof: From Theorem 2.1, all the meaningful association rules can be computed
by Procedure FIND-MAR shown in Figure 2.1. From Theorem 2.3, for a database
D in (k,c, M)-A with eM < 1, step 1 can be executed in O(||D]] - |[I]') time,
where [ = k + LCI)Z%ZJ\’Z)J. The for loop in step 3 is iterated at most |I|" times, and
the for loop in step 4 is iterated at most 2! — 1 times. Since [ is a constant, 2/ — 1

is also a constant. Thus, step 3 through step 7 can be executed in O(|I|') time.
Since the for loop in step 8 is iterated at most |I|" times, step 8 through step 10
can be executed in O(|1|") time. Thus, this algorithm runs in polynomial time in

1Dl O

2.4 Summary of This Chapter

As one way to find meaningful association rules, a method using large itemsets has
been considered. A number of algorithms for computing all the large itemsets
have been proposed. However, the large itemset problem is shown to be NP-
complete in Section 2.2. In fact, to compute all the large itemsets, these proposed
algorithms need exponential time in the size of a given database.

Section 2.3 introduced the notion of (k, ¢)-sparsity of databases and proposed
a subclass of MBDs, called (k, ¢, M )-A, which is defined using (k, ¢)-sparsity. For
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a database D in (k, ¢, M)-A, we can find all the meaningful association rules in
D in O(||D|| - [I|') time where [ is a constant.

Whether a database satisfies Conditions 2.1 and 2.2 considered in Section 2.3
can be tested in O(||D]]) time. A polynomial-time algorithm which determines
whether a database is (k,c)-sparse for a given positive integer k and a given

positive real number ¢ is the future work.
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Chapter 3

Computational Complexity of
Finding All the Highly

Co-occurrent Itemsets

3.1 Highly Co-occurrent Itemsets

Several disadvantages of the support have been pointed out in References [5, 6, 16].
For example, the support of an itemset tends to be high if the itemset contains
items with high supports (see Example 1.2). This chapter defines alternative
measures to the support, which are defined by the combinations of the aspects

such as

o the ratio of the actual value of the support of a given itemset to the expected
value of the support of the itemset, based on the assumption of statistical

independence,

o the fraction of transactions which do not contain any item in a given itemset,

and so on. By ocp(X), we mean a degree of the correlation among the items in
X in D. An itemset X is called highly co-occurrent in D if ocp(X) exceeds a
given user-defined threshold, called minimum co-occurrence.

In the next section, we provide several formal definitions of ocp(X). Before
proceeding, we introduce the notion of SDI division, which is used throughout

this chapter.
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O Ol

Ds(X) Dp(X) D, (X)

Figure 3.1. SDI division of D with X.

Given an MBD D and an itemset X, the SDI division of D with X is to divide
D into the three disjoint subsets Dg(X), Dp(X), and Di(X) which are defined
below (see also Figure 3.1):

Ds(X) = {t|teDand X Ct},
Dp(X) = {t|teDand XNt=0},
Di(X) = D—(Ds(X)U Dp(X)).

Furthermore, we define Vsp(X), Vpp(X), and Vip(X) as follows:

Vsp(X) 2 |D|Sl())|()| )
Vop(X) = %7
i 2 0001

Note that for any itemset X, Vsp(X) = suprp(X).
In SDI division, transactions in Dg(X) or Dp(X) are considered to establish
high correlation among the items in X, while transactions in Di(X) are not.
Let X be an itemset. For a given transaction, the probability that the itemset
X occurs in the transaction under the assumption that each item occurs in D
independently is [],cx Vsp({z}). The probability that none of the items in X
occurs in the transaction is [I,cx Vop({x}). Thus the expected fraction of trans-

actions in which at least one of the items in X occurs in the transactions and
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at least one does not is given by 1 — [[,cx Vsp({z}) — ITex Vop({z}). In what

follows, we use the following notations:

Esp(X) = H VSD({x})v

EDD(X) = II(VDD({x})v
Ep(X) = 1- II(VSD({Q;}) - II(VDD({J?})-

We omit a database name D in Vp(X) and Ep(X) if it is clear from the context.
For example, we write Vs(X) shortly instead of Vsp(X).

Example 3.1 Consider D,y shown in Figure 1.2. Let X = {cornflakes, milk}.
The SDI division with X divides Dy into Dg(X) = {tq,t4, 15}, Dp(X) = {t3,%},
and Di(X) = {t:}. Thus, Vs(X) = 1, Wp(X) = Y3, and Vi(X) = 1. Also,
Es(X) =% x 46 =5, Ep(X) =36 X /s =16, and Ey(X) =1 =15 =1 =1 O

3.2 Definitions of Co-occurrence

3.2.1 Typel

There may be a case that we want to measure the correlation among the items in
a given itemset by comparing the actual value to the expected value. Type I has
the simplest form of the rest of all the definitions which consider the expected

value.

Definition 3.1 (type I):

a

The denominator of this formula is the expected value of the support rate of X
under the assumption that each item in X occurs in D independently. When

there is no correlation among the items in X, the value of ocp(X) is equal to 1.
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t1 | {bread, ham, milk}

ty | {bread, lettuce, tomato, coffee}

t3 | {eggs, lettuce, milk}
ty | {cornflakes, milk}

ts | {bread, lettuce, coffee}
te | {bread, eggs}

Figure 3.2. A market basket database Dj.

Example 3.2 Consider Dy shown in Figure 1.2. Suppose that the minimum

co-occurrence ¢ is 1.5. Let X = {cornflakes, milk} and Z = {coffee, eggs}. Since

Vs(X) =15 and Es(X) =3/ X 4fs =1/,
e

ocp,(X) = 17 =15>c.
3
Therefore, X is highly co-occurrent in Dy. On the other hand, since V5(Z) =1/
and Fg(Z) =5/ X 4fs = 5/a,
1
ocp,(7) = /a =09 <e

=

Therefore, Z is not highly co-occurrent in Dy. a

Note that Z is large when the minimum support rate is 0.3 as seen in Example 1.2.
In this definition, Z is not considered to have high correlation because its actual

support rate is not sufficiently high compared to the expected value.

3.2.2 Typell

Consider an itemset X = {cornflakes, milk}. Then a transaction which contains
neither cornflakes nor milk can be considered to establish the correlation among
cornflakes and milk. We incorporate the fraction of such transactions, that is,

Vb (X) into the definition of ocp(X).
Definition 3.2 (type II):

ocp(X) = Va(X) + Vp(X).
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a

Example 3.3 Consider D4 shown in Figure 3.2. Suppose that the minimum
co-occurrence ¢ is 0.3. Let X = {cornflakes, milk} and Y = {bread, milk}. The
SDI division with X divides Dy into Ds(X) = {t4}, Dp(X) = {t2,t5,16}, and
Di(X) = {t;,13}. Since V5(X) =1/ and Vp(X) =1/,

1 1
ocp,(X) = G + 5 ~ 0.67 > c.
Therefore, X is highly co-occurrent in D4. On the other hand, the SDI division
with Y divides Dy into Dg(Y') = {t1}, Dp(Y) = 0, and Dy(Y') = {t2, 13,14, 15, 6 }.
Since Vs(Y) =1 and Vp(Y) =0,

ocp,(Y)==-=0.17T < c.

| =

Therefore, Y is not highly co-occurrent in Dy. a

In Example 3.3, let us consider the case that the minimum support rate is 0.3.
Then, X is not large because its support rate is less than the minimum support
rate, while X is highly co-occurrent in this definition. For database users who

want to obtain itemsets like X, this type of definition may be acceptable.

3.2.3 Type 11l
Type III is defined by the combination of type I and type II.

Definition 3.3 (type III):

s
o
>
_|_
S
>

ocp(X)
O

Example 3.4 Consider D, shown in Figure 1.2. Suppose that the minimum co-
occurrence ¢ is 1.5. Let X = {cornflakes, milk} and W = {cereal, tea}. Then,

using values calculated in Example 3.1,

B 1y 41/

ocps(X) = s 4+ 1s

~ 1.67 > c.

27



Therefore, X is highly co-occurrent in Dy. On the other hand, the SDI division
with W divides Dy into Dg(W) = {t;} and Dp(W) = {t5,13,14,15,t6}. Since
Vs(W) =16, Vo(W) =56, and Es(W) =1s X6 =}s6, Ep(W) =56 X /s = 20}36,

s +5/6
ocp, (W)= —"—" =~ 1.46 < c.
p:(W) 136+ 25/36
Therefore, W' is not highly co-occurrent in Ds. a

3.2.4 TypelV

Type IV is also defined by the combination of type I and type II, but has the
slightly different form from type IIL

Definition 3.4 (type IV):
A VS(X) VD(X)

20 X) = %) " Bn(X)

a

The reason why we consider type IV is that in the definition of type ITI, when

FEp(X) is much larger than Fg(X), gz(é)) may not be well reflected in the result

value of ocp(X) even if it has very large value. For example, consider the case that
Vs({z}) = Vs({y}) = %hoo, Vs({z,y}) = %100, and Vp({z,y}) = %/ic0. Then,
ocp({x,y}) = 10 in type IV, while ocp({z,y}) ~ 1.11 in type III. Although type
I may also work in this example, type IV considers Vp(X) while type I does not.

On the other hand, this definition does not work well for an itemset X such that

Dp(X) = 0 because in that case, ocp(X) is equal to 0 even if gz(é)) is large.

Example 3.5 Consider D, shown in Figure 1.2. Suppose that the minimum co-
occurrence ¢ is 1.5. Let X = {cornflakes, milk}. Then, using values calculated in

Example 3.1,
OCDQ(AX) = % X % =

Therefore, X is highly co-occurrent in D,. Next, consider W = {cereal, tea},

3> ec

which is not highly co-occurrent in Dy in type III. Then

1 5
ocp (W):ﬁxﬁzTQZc,
: lsg ~ 2536

and hence, W' is highly co-occurrent in D, in this definition. a
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3.2.5 Type V

This is an extension of type IIL. Type V is the same as collective strength [5],
which has been proposed as an alternative to the support. This can be expressed

in our notation as follows.

Definition 3.5 (type V):

ocp(X)

a

Since transactions in Di(X) can be considered to be counterexamples of high
correlation among the items in X, the ratio of V3(X) to F;(X) is incorporated
inversely into the definition of ocp(X). More details of this formula is described

in Reference [5].

Example 3.6 Consider D, shown in Figure 1.2. Suppose that the minimum co-
occurrence ¢ is 1.5. Let X = {cornflakes, milk} and Z = {coffee, eggs}. Then,

using values calculated in Example 3.1,

o413 1
= X — =
s+ s
Therefore, X is highly co-occurrent in Dy. On the other hand, the SDI division
Wlth Z divides D2 thO DS(Z) = {t2,t3,t6}, DD(Z) == @, and DI(Z) == {t17t4,t5}.
Since Vs(Z) =1/, Vp(Z) = 0, Vi(Z) =1)p, and Fs(X) =5/ X s =3/, Ep(X) =
Yo x2fe =1hs, Ei(X) =1 =5/ —1/1s ="/,
40 Ths

= X — ~ 0.63 < c.
S +1hs 1

ocp,(X)

5> c.

ocp,(7)

Therefore, Z is not highly co-occurrent in Dy. a

3.2.6 Type VI

This is an extension of type IV. Like type V, the ratio of Vi(X) to Ey(X) is

multiplied inversely.
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Definition 3.6 (type VI):

s s(X)  Vo(X)  E(X)

2P = Bo3X) " Bo(%)  Ta(%)

O
Also, this does not work well for an itemset X such that Dp(X) = 0 or Di(X) = 0.

Example 3.7 Consider D, shown in Figure 1.2. Suppose that the minimum co-

occurrence ¢ is 1.5. Let X = {cornflakes, milk}. Then, using values calculated in

Example 3.1,
1 1 1
ocp (X):éxéxé:920.
2 1/3 1/6 1/6
Therefore, X is highly co-occurrent in Ds. a

3.3 NP-Completeness of the Highly Co-

occurrent Itemset Problem

This section shows that finding all the highly co-occurrent itemsets is NP-hard
under whichever measure we define.
Although there are several definitions of ocp(X), we define the highly co-

occurrent itemset problem uniformly as follows.

Definition 3.7 (highly co-occurrent itemset problem): Given an MBD D, a
minimum co-occurrence ¢ in fractional representation in binary, and a positive

integer [ in unary, is there a highly co-occurrent itemset in D of size [? a

It is clear that the highly co-occurrent itemset problem is in NP under
whichever measure. Guess an itemset of size [, and then check whether the item-
set is highly co-occurrent in D. So, in the rest of this chapter, we concentrate on
proving the NP-hardness of the co-occurrent itemset problem.

By “the problem X7, we mean the highly co-occurrent itemset problem which
adopts type X" as the definition of ocp(X).
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3.3.1 Typel

We show the NP-hardness of the problem I by reducing the large itemset problem
to the problem I. To make the reduction simple, we suppose that a minimum
support number s is given in the large itemset problem. We construct an instance
(D', ¢,1) of the problem I from an instance (D, s, h) of the large itemset problem.
Here, we can assume h > 2 because the large itemset problem is NP-complete
even if i > 2. Let U be the union operator on multisets (i.e., the union operator

which counts multiple occurrences of elements).

Construction method 1

o Let I be the set of all the items in D. Let 7, = {{z},...,{z}} for each
——— ———
. |D|=|Dg({=})]
x € 1. Let Dy =U,er 7,.. Then, we define D’ as follows:
D'2 DU Dy.

Note that |D’| is at most || - |D| = || D]|.

S - |D/|h—1

o let c= D"

o Let [ =nh.
O

Since D' can be constructed in O(||D]|) time and ¢ has at most hlog |D|+log s+
(h—1)log || D|| digits, the above construction can be done in polynomial time in
||D|| + s + h, which is the description size of the instance (D, s, h) of the large

itemset problem.

Lemma 3.1 Consider a database D given as an instance of the large itemset

problem and a database D’ constructed from D. Then, for any item z € 1,

VSD’({x}) = ||ll))/||
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Proof: Let  be an item in I. Then,

DL = 1Ds({eh)] + 1T
— Ds({a)] + D] — [Ds({x})]
= |D|.
e Dy((e})] (D]
Ds({z})] _|D
Vool = i = oy

a

Lemma 3.2 Suppose that (D,s,h) (h > 2) is given as an instance of the large
itemset problem. Let (D’,¢,[) be an instance of the problem I constructed from

(D, s, h). Then, the following 1 and 2 are equivalent.
1. There is an itemset X in D such that sup,(X) > s and | X| > h.

2. There is an itemset X’ in D’ such that ocp/(X') > ¢ and | X'| = [.

Proof: From Lemma 3.1, for any itemset X',

|X]
B () =TT Ventle)) = (150)

rzeX'
(1 — 2): Assume that there is an itemset X in D such that sup,(X) > s
and |X| > h. If an itemset X is large, then all the subsets of X are also large.

Therefore, we can assume that there is an itemset X’ such that sup,(X’) > s

and |X'| = h. Since |X'| > 2 and every transaction in D, consists of just one

item, no transaction in D, supports X’'. Thus,
| Ds(X")| = [Ds(X')] = .

By dividing both sides of the above inequality by |D'|FEsp:/(X),
_ Ve (X)) [Ds(X)|
B (X))~ D Esp (X7
s
> 2
— |D'Esp(X7)
s
. (Ipny"
D1 (i)
S - |D/|h—1
| D

ocpi(X')

= C.
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(2 — 1): Assume that there is an itemset X’ in D’ such that ocp/(X') > ¢
and |X'| =1 (=h). Then,

Ve (X’)
(X! SD’ >
OCD( ) ESD (X/) - ¢
7
VSD/TXh) = S|D h
(151 |- ({51)
|Ds(X")| S S
|D'| - D
|1Ds(X)| = s

Since |X'| > 2 and every transaction in D, consists of just one item, no transac-

tion in D, supports X’. Thus,

| Ds(X")] = [Ds(X)] = supp(X') = s

3.3.2 Typell

We show the NP-hardness of the problem IT by reducing the large itemset prob-
lem, which is defined in Definition 2.1, to the problem II. We construct an in-
stance (D', m, u) of the problem II from an instance (D, r, h) of the large itemset

problem, as follows.
Construction method 2

o Assume that D = {t1,...,¢,}. Let I = {i1,... 2} be the set of all the
items in D. Let I* = {i411,...,%} be a set of new items, where IN[* = 0.
Let # = t; U I* be a transaction for each j (1 < j < n). Then, we define

D’ as follows:

D= {t, ...t}
o et m=r.

o letu=~n+Ek.
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Y
[ 1
5 | t | . | t; [T 5
S [ X [ S
| |
X
[ t’l 1
[t [
D — »]
b [oommpennn] X
| |
, X
[t [T ,
D| g Dl
[ X
L ]
X

Figure 3.3. Construction method 1 of D'.
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The above construction can be done in polynomial time in ||D|| 4+ r + h, which is

the description size of the instance (D, r, h) of the large itemset problem.

Lemma 3.3 Suppose that (D,r,h) is given as an instance of the large item-
set problem. Let (D', m,u) be an instance of the problem II constructed from

(D,r, k). Then, the following 1 and 2 are equivalent.
1. There is an itemset X in D such that suprp(X) > r and | X| > h.

2. There is an itemset X’ in D’ such that ocp/(X') > m and | X'| = w.

Proof: (1 — 2): Assume that there is an itemset X C [ in D such that
suprp(X) > r and |X| > h. If an itemset X is large, then all the subsets of

X are also large. Therefore, we can assume that there is an itemset X, such that

suprp(Xy) > r and |X;| = h. Let X’ = X, U I*. Then,
From the construction method of D', it is clear that

e if a transaction ¢; supports X, in D, then the transaction ¢/ supports X’ in

D'. That is, t. € D5(X"); and

e otherwise, [* is contained in both of ¢/ and X', and there is at least one
item in X’ which t/ does not contain. That is, t. € D(X") (see Figure 3.3).

Therefore, X;, C t;if and only if X’ C #! for any 7, and hence | Dg( X}, )| = |D5(X")].
Since any transaction t. € D" and X’ contain I*, :\NX" # 0. That is, D (X’) = 0.
Thus,

OCD/(X/) = VsD/(X/)+VDD/(X/)
[Ds(X| | [Dp(X")]

| D D
DY(X] [ Ds(X5)]
D] |D|
= suprp(X)
> r=m.
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(2 — 1): Assume that there is an itemset X' C [ U [* in D’ such that
ocp(X') > m and | X'| = u. Let X = X' N [. Then,

X[ > [X'| = || =u—k=h.
|

From . = ¢, U I*, X’ C ¢/ if and only if X C¢; for any ¢, and hence |D§(X")| =
|Ds(X)|. Furthermore, since

X' =u=htk>k=|]

X’ contains at least one item in /*.

Since any transaction ¢, € D’ contains all the items in I*, # and X’ contain

at least one common item. That is, Dp(X’) = 0. Thus,

D) DX IDAX)] DX
X = = =
surrp(X) = D D D
= OCD/(X/)
> m=r.

3.3.3 Type 1II

We show the NP-hardness of the problem III by reducing the problem II to
the problem ITI. We construct an instance (D', ¢,l) of the problem III from an

instance (D, m,u) of the problem II, as follows.

Construction method 3

o Assume that D = {t;,...,t,}. Let I be the set of all the items in D. Let
th=1T—t;foreachi (1 <i<n). Let D={t|,...,#}. Then, we define D’
as follows:

D'2DUD.
o Let ¢ = m2v~1.

o let [ =u.
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Since D’ can be constructed in O(||D]]) time and ¢ has at most (u — 1) + logm
digits, the above construction can be done in polynomial time in ||D||+log m+u,

which is the description size of the instance (D, m, u) of the problem II.

Lemma 3.4 Consider a database D given as an instance of the problem II and

a database D’ constructed from D. Then, for any item x € I,

1
Vsp({z}) = Vop ({z}) = 5%
Proof: For any item z € I,

[Ds({= D)l + [Ds({=})|

Vspr({z}) =

|D'|
_ Ds({a P+ D] = [Ds({z})]
| D]
_ o1
D2
The proof for Vpp/({x}) =1/ is similar. 0

Lemma 3.5 Consider a database D given as an instance of the problem II and
a database D' constructed from D. Then, for any itemset X, the following two

equations hold.

Vep(X) + Vop(X) = Vepi(X) + Voo (X)
Vin(X) = Vip(X)

Proof: From the construction method of D, it is clear that

e if a transaction ¢; supports X in D, then the transaction ¢/ and X are
disjoint in D;
e if a transaction ¢; and X are disjoint in D, then the transaction ¢/ supports

X in D; and

e if a transaction ¢; contains at least one item (but not all items) in X in D,

then the transaction #; also contains at least one item (but not all items) in

X in D.
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Thus, [Ds(X)| = |Do(X)], [Dp(X)| = [Ds(X)], and [Dy(X)] = |Dy(X)|. There

fore,

D4(X)| |, [Dp(¥)|
DI )
[Ds(X)| + [Ds(X)| + [Dp(¥)] + | Dp(X)|
2/ D]
[Ds(X)] + [Dp(X)|
D]
= Vsp(X) + Vbp(X).

Ve (X) 4+ Vbopr(X)

Also,

| Dr(X)]
| D]
| Di(X)] + [Dx(X)]
2|D|
[ Dy(X)]

= o) - Vip(X).

Vip(X)

a

Lemma 3.6 Suppose that (D, m,u) is given as an instance of the problem II.
Let (D', ¢, 1) be an instance of the problem III constructed from (D, m,u). Then,

the following 1 and 2 are equivalent.
1. There is an itemset X in D such that ocp(X) > m and |X| = u.

2. There is an itemset X in D’ such that ocp/(X) > ¢ and | X| = L.

Proof: From Lemma 3.4, for any itemset X,
1y X1
= I Veol{eh+ I Voleh = (5) -

rzeX reX

Note that the definitions of ocp(X) and ocp/(X) are different. ocp(X) has the
definition of type II, whereas ocp/(X) has the definition of type III.
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(1 — 2): Assume that there is an itemset X in D such that ocp(X) > m and

|X| = u. From Lemma 3.5,

Thus,
VSD’(X) —|— VDD’(X) m
(X) = > =
OCD( ) EsD/(X)+EDD'(X) — (%)|X|—1
— m - 2u—1
= C.

(2 — 1): Assume that there is an itemset X in D’ such that ocp/(X) > ¢ and
|X| =1 (=u). Then,
ESD’(X) + EDD’(X)
(Vsp (X) + Vopr (X)) - 271 m - 2"
VSD’(X)—I_VDD’(X) Z m.

v

Thus, from Lemma 3.5,

Vsp(X) + Vop(X) = ocp(X) > m.

3.3.4 TypelV

We show the NP-hardness of the problem IV by reducing the problem II to
the problem IV. We construct an instance (D', ¢,l) of the problem IV from an

instance (D, m,u) of the problem II, as follows.

Construction method 4

o Assume that D = {t;,...,t,}. Let I be the set of all the items in D. Let
th=1T—1t;foreachi (1 <i<mn). Let D={t],...,t }. Then, we define D’
as follows:

D'2DUD.
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o Let ¢ = m? . 22u=1),

o let [ =u.
O

Since D' can be constructed in O(||D||) time and ¢ has at most 2logm 4 2(u —1)
digits, the above construction can be done in polynomial time in ||D||+log m+u,

which is the description size of the instance (D, m, u) of the problem II.

Lemma 3.7 Consider a database D given as an instance of the problem II and

a database D’ constructed from D. Then, for any item x € I,

1
Vepr({x}) = Vor({a)) = 1.
Proof: The proof of this lemma is similar to Lemma 3.4. a

Lemma 3.8 Consider a database D given as an instance of the problem IT and a

database D’ constructed from D. Then, for any itemset X, the following equation

holds.

VSD’(X) = VDD’(X) = VSD(X) —|2— VDD(X)

Proof: The proof of this lemma is similar to Lemma 3.5. a

Lemma 3.9 Suppose that (D,m,u) is given as an instance of the large item-
set problem. Let (D', ¢,1) be an instance of the problem IV constructed from

(D, m,u). Then, the following 1 and 2 are equivalent.
1. There is an itemset X in D such that ocp(X) > m and |X| = u.

2. There is an itemset X in D’ such that ocp/(X) > ¢ and | X| = L.

Proof: From Lemma 3.7, for any itemset X,

Esp(X) = ][ Vep({z}) = Epp(X)

= I Vonl(e)) = O
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Note that the definitions of ocp(X) and ocp/(X) are different. ocp(X) has the
definition of type II, whereas ocp/(X) has the definition of type IV.

(1 — 2): Assume that there is an itemset X in D such that ocp(X) > m and
| X| = u. Then, from Lemma 3.8,

VSD’(X VDD’(X)
EsD/ (X EDD/(X)

ocpr(X)

).
)

(AV4
SN
(S
e NIE
&
~—
[\]

I
o

(2 — 1): Assume that there is an itemset X in D’ such that ocp/(X) > ¢ and
|X| =1 (= u). Then, from Lemma 3.8,

Vap(X)  Vop(X)
OCD/(X): EsD,(X) . EDD,(X) Z C
Vap (X))
( B ) =
(Y%52(X)4VDp(X)) 2
( (D ) =
(Vsp(X) + Vopl(

(0oep(X) 4+ m)(ocp(X)—m) > 0
ocp(X) > m.
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3.3.5 Type V

We show the NP-hardness of the problem V by reducing the problem II to the
problem V. We construct an instance (D', ¢,[) of the problem V from an instance
(D, m,u) of the problem II, as follows.

Construction method 5

o Assume that D = {t;,...,t,}. Let I be the set of all the items in D. Let
th=1T—1t;foreachi (1 <i<n). Let D={t],...,t }. Then, we define D’
as follows:

D'£DUD.

o Lete= —0 . (2“7 —1).

1 —m

o let [ =u.
O

Since D" can be constructed in O(||D]]) time and ¢ has at most log(1 — m) +
logm + (u — 1) digits, the above construction can be done in polynomial time in
||D|| + logm + u, which is the description size of the instance (D, m,u) of the
problem II.

Lemma 3.10 Consider a database D given as an instance of the problem IT and

a database D’ constructed from D. Then, for any item x € I,
1
Vepr({x}) = Vor({a)) = 1.
Proof: The proof of this lemma is similar to Lemma 3.4. a

Lemma 3.11 Consider a database D given as an instance of the problem IT and
a database D' constructed from D. Then, for any itemset X, the following two

equations hold.
Vsp(X) + Vop(X) = Vsp(X) 4+ Voo (X)

Vip(X) = Vip/(X)
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Proof: The proof of this lemma is similar to Lemma 3.5. a

Lemma 3.12 Suppose that (D, m,u) is given as an instance of the problem II.
Let (D', ¢,l) be an instance of the problem V constructed from (D, m,u). Then,

the following 1 and 2 are equivalent.
1. There is an itemset X in D such that ocp(X) > m and |X| = u.

2. There is an itemset X in D’ such that ocp/(X) > ¢ and | X| = L.

Proof: From Lemma 3.10, for any itemset X,
ESD’(X) + EDD’(X)
1 | X|-1
I Veor{eh) + T Vool (b (5)

rzeX reX

Note that the definitions of ocp(X) and ocp/(X) are different. ocp(X) has the
definition of type II, whereas ocp/(X) has the definition of type V.

(1 — 2): Assume that there is an itemset X in D such that ocp(X) > m and
|X| = u. From Lemma 3.11,

Then,
v = Ve () Vop (X) B (X)
o0 (X) = () Eopr(X) Vapr(X)
Ve (X) +Vop(X) (1= (P
B Vip(X) (PR
- 1—(VSD’(X)‘|‘VDD’(X))'(Qu_l Y
> (27 -

(2 — 1): Assume that there is an itemset X in D’ such that ocp/(X) > ¢ and
|X| =1 (=u). Then,

Vep'(X) + Vopr(X) ‘ Eypi(X)
Esp(X) 4+ Epp(X)  Vip/(X)

ocp(X) = > ¢
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Vepi(X) + Voo (X)

TS A N permil CRR
Vspl(X) —I-VDD/(X) < m
1 — (Vep(X)+ Vopr (X)) — 1—m
Thus, from Lemma 3.11,
VSD(X) + VDD(X) m
1= (Vap(X)+ Vop(X)) — 1—m
ocp(X)-(1—=m) > m- (1 —oecp(X))
ocp(X)—m-ocp(X)+m-ocp(X)—m > 0
ocp(X) > m

3.3.6 Type VI

We show the NP-hardness of the problem VI by reducing the problem II to
the problem VI. We construct an instance (D', ¢,l) of the problem VI from an

instance (D, m,u) of the problem II, as follows.

Construction method 6

o Assume that D = {t;,...,t,}. Let I be the set of all the items in D. Let
th=1T—1t;foreachi (1 <i<mn). Let D={t],...,t }. Then, we define D’
as follows:

D'2DUD.

2 1
oLetc:lm -(2“_2——).

o let [ =u.
O

Since D" can be constructed in O(||D]]) time and ¢ has at most log(1 — m) +
2logm + (u — 2) digits, the above construction can be done in polynomial time
in ||D|| + log m + u, which is the description size of the instance (D, m,u) of the
problem II.
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Lemma 3.13 Consider a database D given as an instance of the problem IT and

a database D’ constructed from D. Then, for any item x € I,

1
Vspr({z}) = Vo ({2}) = 9
Proof: The proof of this lemma is similar to Lemma 3.4. a

Lemma 3.14 Consider a database D given as an instance of the problem II
and a database D' constructed from D. Then, for any itemset X, the following

equation holds.

VSD’(X) = VDD’(X) = VSD(X) —|2— VDD(X)

Proof: The proof of this lemma is similar to Lemma 3.5. a

Lemma 3.15 Suppose that (D, m,u) is given as an instance of the problem II.
Let (D', ¢,1) be an instance of the problem VI constructed from (D, m,u). Then,

the following 1 and 2 are equivalent.
1. There is an itemset X in D such that ocp(X) > m and |X| = u.

2. There is an itemset X in D’ such that ocp/(X) > ¢ and | X| = L.

Proof: From Lemma 3.13, for any itemset X,

1y X
Espr(X) = Eopr(X) = T Vanr(eh) = (5) -
reX
Note that the definitions of ocp(X) and ocp/(X) are different. ocp(X) has the
definition of type II, whereas ocp/(X) has the definition of type VI.
(1 — 2): Assume that there is an itemset X in D such that ocp(X) > m and

| X| = u. Then, from Lemma 3.14,

VsD/(X VDD/(X) . EID/(X)
ESD’(X EDD’(X) Vip (X)
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(YnX)+Vpp X)) ? 1 — (ki
(1) ' | — 2(Ysot+Tpp ()

(2 — 1): Assume that there is an itemset X in D’ such that ocp/(X) > ¢ and
|X| =1 (= u). Then, from Lemma 3.14,

— VSD'(X) VDD’(X) EID’(X)

" B (X) Fop(X) Vip(X) = €
Ve (X))? 1= (LI
( (31 ) 1 2Vep(X) =

(VEDQ(()X(/S)D—(I_X‘)E)XZ)(;()E))) ( u—2 %) > 177_1m ) (2u—2 ~2)
Vep(X) + Von(X))P
1= (Vsp(X)+ Vpp(X)) — 1—m
(ocp(X)?- (1 —m) > m? (1 — ocp(X))
(1 —m)(ocp(X))* + m?ocp(X) —m* > 0
(1 =m)ocp(X) +m)(ocp(X)—m) > 0
ocp(X) > m

3.4 Subclasses of Databases for which All the
Highly Co-occurrent Itemsets can be Com-
puted Efficiently

This section proposes subclasses of databases for which we can efficiently find

all the highly co-occurrent itemsets. In this section, we consider type I, type II,
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and type IV as the definitions of ocp(X). Each subclass is defined based on the
notion of (k, ¢)-sparsity, which is defined in Chapter 2.
The following condition on the minimum co-occurrence is assumed throughout

this chapter.

Condition 3.1 There exists some by, (0 < b,, < 1) such that the given minimum

co-occurrence b is at least b,,. O

3.4.1 Type I: Class (k,c,¢)-T

Class (k,c,e)-I" consists of all the databases which satisfy all of the following

conditions.

Condition 3.2 ((k,c)-sparsity): For any itemset X such that |X| > k, there is

some x € X which satisfies the following inequality:

Vs(X) < e Va(X — {a}) - Vs({z}).

Condition 3.3 For each item z,

€< VS({x})v
where ¢ is a positive real number. a

When ¢ < 1, the size of any highly co-occurrent itemset in a database in

(k,c,e)-1" is bounded by a constant, which is determined by k, ¢, €, and b,,.

Lemma 3.16 Suppose that a database D is in (k,c,€)-I" with ¢ < 1 and Con-
dition 3.1 is satisfied. Let X be a highly co-occurrent itemset in ). Then, the

following inequality holds:

X[ <kt {logbm—l—klogeJ

log ¢
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Proof: Let D be a database in (k, ¢, €)-I" and X be a highly co-occurrent itemset
in D. Let X = {ay,...,2:}. Then,

Vs(X) _ Ve{ar, ..o, 2 })
ES(X) 3:1 VS({xz}) ‘

Suppose that ¢ > k. Then, since D satisfies Condition 3.2, there is some x € X
such that

ocp(X) =

Vs(X) < ¢ Vs(X — {2}) - Vs({z}).

Without loss of generality, let z; be such . Thus,

‘ Vs({xr, ..o a1 }) - Vs({a})
oen(X) < e =, Va({r:))
‘ Vs({ay, ... 21 ))
[Tz Vs({xi})

By repeating the same argument, we can obtain

—k Vs({ay, ... ar})

ocp(X) < e, Vs({xi})
< TRk Vs({z1,. . 7 })
< ct—k e_k

From Condition 3.1, b,, < b < ocp(X). Thus,

IN
?v

ml
e

b, ¢t
logh, < (t—Fk)loge—kloge
logb,, + kloge < (t—Fk)loge
Po< k4 rogb + klog GJ
log ¢
X| < rogb —I—klogeJ ‘
log ¢
O
Let | =k + {%J. For a given itemset, it can be checked whether the

itemset is highly co-occurrent in D in O(||D||) time. Since there are at most |I|'

itemsets of size less than or equal to [, all the highly co-occurrent itemsets can
be computed in O(||D]| - |I]') time.

48



Theorem 3.1 Suppose that a database D is in (k, ¢, €)-I" with ¢ < 1 and Con-
dition 3.1 is satisfied. Then, all the highly co-occurrent itemsets in D can be

computed in polynomial time in || D||. 0

3.4.2 Type II: Class (k,c, M)-A’

Class (k, ¢, M)-A’ consists of all the databases which satisfy all of the following

conditions.

Condition 3.4 For any itemset X such that | X| > k, there is some x € X which

satisfies the following inequality:

Vs(X) + Vp(X)
< o (Vs(X = {a}) + Vo (X = {2})) - (Vs({z}) + Vb ({z})).

O
Condition 3.5 For each item x € 1,
Vs({z}) + Vo({z}) < M,
where M is a positive real number. O

When e¢M < 1, the size of any highly co-occurrent itemset in a database in
(k,c, M)-A" is bounded by a constant, which is determined by k, ¢, M, and b,,,.

Lemma 3.17 Suppose that a database D is in (k,¢, M)-A" with ¢eM < 1 and
Condition 3.1 is satisfied. Let X be a highly co-occurrent itemset in D. Then,
the following inequality holds:

|X|§k+{ Log b J

log(eM)

Proof: Let D be a database in (k, ¢, M)-A" and X be a highly co-occurrent item-
setin D. Let X = {xy,...,2;} wheret > k. Then, since D satisfies Condition 3.4,
there is some & € X such that

Vs(X) + Vb (X) < e (Vs(X — {z}) + V(X — {z})) - (Vs({z}) + Vb ({z})).
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Without loss of generality, let z; be such x. That is,

ocp(X) = Vs(X)+ Vp(X)
< e (Vs(X = {ae}) + Vo (X —{a:}) - (Vs({we}) + Vo ({2 })-

By repeating the same argument, we can obtain

ocp(X)

< ¢ Vol{an o m ) 4 Volan o ad) - TT (Vs({a) + Vo({z:i})
i=k+1

< PO T (Vs({aid) + Vb ({a:)))

1=k+41
< TR MR

From Condition 3.1, b,, < b < ocp(X). Thus,

b, < 7F.oMH
logb,, < (t—k)log(eM)
P o< kg log b,,,
- log(eM)
X| <

N log b,,,
log(cM) |~
O

Let | =Fk+ {%J . For a given itemset, it can be checked whether the itemset is
highly co-occurrent in D in O(||D]|) time. Since there are at most |I|' itemsets of

size less than or equal to [, all the highly co-occurrent itemsets can be computed

in O(||D| - |1]') time.

Theorem 3.2 Suppose that a database D is in (k, ¢, M)-A" with ¢M < 1 and
Condition 3.1 is satisfied. Then, all the highly co-occurrent itemsets in D can be
computed in polynomial time in || D||. 0
3.4.3 Type IV: Class (k,c,d, e, M)-I"

Class (k, ¢, ¢, e, M)-I" consists of all the databases which satisfy all of the follow-

ing conditions.
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Condition 3.6 ((k,c)-sparsity): For any itemset X such that |X| > k, there is

some x € X which satisfies the following inequality:
Vs(X) < e V(X — {a}) - Vs({z}).
O

Condition 3.7 For any itemset X such that |X| > k, there is some x € X which

satisfies the following inequality:
Vp(X) < - Vo (X —{a}) - Vo ({z}),
where ¢ is a positive real number. O
Condition 3.8 For each item z,
e < Vs({z}) < M,
where ¢ and M are positive real numbers. a

When ¢d < 1, the size of any highly co-occurrent itemset in a database in
(k,c,c/,e, M)-T" is bounded by a constant, which is determined by k, ¢, ¢/, €, M,
and b,,.

Lemma 3.18 Suppose that a database D is in (k, ¢, ¢/, e, M)-I" with ¢¢/ < 1 and
Condition 3.1 is satisfied. Let X be a highly co-occurrent itemset in D. Then,
the following inequality holds:

log b,, + klog(e(1 — M))

X| <k
[XT <k + log(ec)

Proof: Let D be a database in (k, ¢, ¢, e, M)-I" and X be a highly co-occurrent
itemset in D. Let X = {ay,...,2¢}. Then,

Vs(X) Vo(X)
Es(X) Ep(X)
Ve({ay, ..o 2 }) ‘ Wo{z1, .- 24})
o Vs({aid)  ITic Vo({a})

ocp(X)
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Suppose that ¢ > k. Then, since D satisfies Condition 3.6, we can obtain the

following inequality by the same argument as in Lemma 3.16.

—k VD({(El, ceey [Et})
Hf:l VD({xl})
Also, since D satisfies Condition 3.7, and Vp({z}) =1 — Vs({z}) > 1 — M, we

can obtain the following inequality from the above.

ocp(X) < AR e

= (ed)0 - (1 = M)t

ocp(X) < AR ek SR (1—M)~*

From Condition 3.1, b,, < b < ocp(X). Thus,

bu < (ed) T (e(1 = M)
logb, < (t—k)log(cc) — klog(e(l —M))
log b, + klog(e(1 — M)) < (t—k)log(cc)
log b,, + klog(e(1 — M))
R =
IX| - {logbm—l-ig)(gcile)(l—M))J ‘

Let | =k + |ostntiloel1=0)
the itemset is highly co-occurrent in D in O(||D]|) time. Since there are at most

J. For a given itemset, it can be checked whether

|1|' itemsets of size less than or equal to [, all the highly co-occurrent itemsets
can be computed in O(||D]| - |I]') time.

Theorem 3.3 Suppose that a database D isin (k, ¢, ¢, e, M)-1" with e/ < 1 and
Condition 3.1 is satisfied. Then, all the highly co-occurrent itemsets in D can be

computed in polynomial time in || D||. 0

3.5 Summary of This Chapter

In Section 3.2, we have proposed several formal definitions of ocp(X). Of course,
no definition of ocp(X) achieves the best quality as we have seen in various ex-
amples in Section 3.2. In other words, database users have a chance to determine

which definition of ocp(X) they should use, including suprp(X).
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In Section 3.3, we have shown that finding all the highly co-occurrent itemsets
is NP-hard under whichever measure we have defined in Section 3.2. From these
results, it has become clear that finding all the highly co-occurrent itemsets is
impossible in polynomial time in the size of a database unless P=NP.

In Section 3.4, we have proposed subclasses of databases for which we can
efficiently find all the highly co-occurrent itemsets of type I, II, and IV. These
subclasses are defined based on the notion of (&, ¢)-sparsity introduced in Chap-
ter 2.

As a future work, we intend to propose subclasses of databases for which
all the highly co-occurrent itemsets of type III, V, and VI can be computed
efficiently.
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Chapter 4
Conclusions

In Chapter 2, we have formally defined the large itemset problem based on the
support-confidence framework and shown the NP-completeness of the problem.
From this result, it has become clear that finding all the large itemsets (and
therefore, all the meaningful association rules) is impossible in polynomial time
in the size of a database unless P=NP.

Also, we have introduced the notion of (k, ¢)-sparsity of databases. Intuitively,
(k, ¢)-sparsity of a database means that the supports of itemsets of size k or more
are considerably low in the database. The value of ¢ represents a degree of
sparsity. Any database is (k, ¢)-sparse for some sufficiently high & or ¢. Thus, the
(k, ¢)-sparsity is a general condition on databases.

Based on the notion of (k,c)-sparsity, we have proposed a subclass of
databases. For a database in that subclass, we can efficiently find all the large
itemsets. Because of the (k,c¢)-sparsity, the size of a large itemset is bounded
by a constant, and so we need not consider any itemset of size greater than the
constant. In fact, the test data in References [1,3,4,6,7,9,15,17,20] are all (£, ¢)-
sparse for some small k& and ¢ unless these algorithms need exponential time in
the size of databases.

In Chapter 3, we have defined alternative measures to the support, called
co-occurrence. Some of these measures are similar to the previous works such as
collective strength in Reference [5] and dependence in Reference [16] in that they
all consider the expected value of the support. Of course, no definition of the co-

occurrence achieves the best quality. In other words, according to the property
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of the database, database users have a chance to determine which definition of
the co-occurrence they should use.

However, we have shown that finding all the highly co-occurrent itemsets is
NP-hard under whichever measure we have defined. From these results, it has
become clear that finding all the highly co-occurrent itemsets is impossible in
polynomial time in the size of a database unless P=NP. It seems that the lack of
the monotonicity such as “if an itemset has some property, then all the subsets
of the itemset has the same property” makes the problem more difficult than to
find all the large itemsets.

Furthermore, we have proposed subclasses of databases for which we can ef-
ficiently find all the highly co-occurrent itemsets. These subclasses are defined
based on the notion of (k, ¢)-sparsity. To propose weaker conditions on databases

is the future work.
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