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Soft-Decision Decoding Algorithms
for Binary Linear Block Codes*

Hitoshi Tokushige

Abstract

This thesis consists of two parts. In the first part, effective solutions are
presented for two basic problems related to the implementation of recursive max-
imum likelihood decoding (RMLD) of Reed-Muller codes. A (64,40) subcode
of the third order Reed-Muller code of length 64 (RMjg) is considered as an
inner code in a concatenated coding system for NASA’s high-speed satellite com-
munications. In this system, because the error performance of the inner code
is amplified by the outer code, a subcode with lower error probability is more
desirable. Furthermore, the overall decoder for the (64,40) subcode of RMjg
code consists of 32 identical RMLD decoders and each such decoder processes a
(64, 35) subcode or its coset parallel. The RMLD algorithm is computationally
more efficient than the Viterbi decoding algorithm. However, the computational
complexity of the RMLD algorithm depends on the sectionalization of a code
trellis. In general, minimization of the computational complexity results in non-
uniform sectionalization of a code trellis. From an implementation point of view,
uniform sectionalization of a code trellis and regularity among the trellis sections
are desirable.

First, we consider linear subcodes of RM, ,,, whose bases are formed from the
monomial basis of RM, ., by deleting AK monomials of degree » where AK <
(T) For such subcodes, a procedure for computing the number of minimum
weight codewords is presented and we show how to delete AK monomials in

order to obtain a subcode with the smallest number of codewords of the minimum
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weight. For AK < 3, a formula for the number of codewords of the minimum
weight is presented. For (64,40) subcodes, there are three equivalent classes.
For each class, the number of minimum weight codewords, that of the second
smallest weight codewords and simulation results on error probabilities of soft-
decision maximum likelihood decoding are presented.

Second, we consider how to choose the (64, 35) subcode of RM3 ¢ whose bases
are formed from the monomial basis of RMj¢ by deleting seven monomials to
minimize the total number of additions and comparisons in ACS(add-compare-
select) procedure which roles a mainly part in RMLD.

In the second part, two new soft-decision iterative decoding algorithms are pre-
sented. Several iterative soft-decision decoding algorithms have been proposed to
achieve a good error performance and a small computational complexity. In these
decoding algorithms, an algebraic decoder with respect to chosen input words is
iteratively used. Their performances are degraded mainly by the decoding failure
of algebraic decoding and the duplication in generating candidate codewords.

We introduce “multiple GMD decoding” for binary linear block codes. In
this decoding algorithm, GMD-like decoding is iterated around a few appro-
priately selected search centers. The original GMD decoding by Forney is a
GMD-like decoding around the binary hard-decision sequence. Compared with
the original GMD decoding, this decoding algorithm provides better error per-
formance with increasing the number of iterations of erasure and error correc-
tion moderately. To reduce the number of iterations, we derive new sufficient
conditions on the optimality of decoded codewords. For extended BCH codes,
EBCH(64, 24), EBCH(128, 85) and EBCH(128, 99), simulation results show that
the new approach provides better error performance than that of the original
GMD decoding by adding two GMD-like decoding around two appropriately
chosen centers to the original GMD decoding with relative small increment of
iteration number.

Finally, we present a new method of choosing a sequence of search centers
around which successive bounded distance-t, éL(minimum distance — 1)/2] de-
codings are carried out. To reduce the number of iterations of bounded distance
decoding algorithm without any loss of error performance, we show new effective

sufficient conditions on the optimality of decoded codewords as early termination
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conditions.
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Chapter 1
Introduction

The notation RM,.,,, denotes the Reed-Muller code (RM code) of length 2™ and
degree 7. A (64,40) subcode of RMj¢ is considered as an inner code in a con-
catenated coding system for NASA’s high-speed satellite communications [1, 3].
The inner code is decoded by a maximum likelihood decoder. Since the Reed-
Solomon(255,223) code over GF(2?) is used as the outer code, the number of
information bits must be a multiple of 8. This is the reason why a (64,40) sub-
code of RMj is used as the inner code. Therefore, the problem is how to choose
such a subcode. In this system, because the error performance of the inner code
is amplified by the outer code, a subcode with lower error probability is more de-
sirable. The number of minimum weight codewords of the subcode is a reasonable
design index.

A trellis-based recursive maximum likelihood decoding (RMLD) algorithm has
been proposed [5]. This RMLD algorithm is more efficient than the conventional
Viterbi decoding algorithm in both computational complexity for software imple-
mentation and hardware requirement for IC (integrated circuit) implementation.
Furthermore, it allows parallel /pipeline processing to speed up the decoding pro-
cess. The RMLD algorithm is devised based on a divide-and-conquer approach.
A code trellis is first divided into appropriate sections. A metric table for each
trellis section is formed and each table contains only the metrics of the distinct
composite branches in the section and their labels. Metric tables for long trellis
sections are formed recursively from tables for shorter trellis sections. At the end

of the recursion process, there is only one table which contains only the most



likely codeword for a given received sequence and its corresponding metric. Com-
putational complexity of this decoding algorithm depends on the sectionalization
of a code trellis. Minimization of the computational complexity in general results
in non-uniform sectionalization of a code trellis in which the trellis sections are
not equal in length and do not have a regular structure. These facts cause imple-
mentation problems and require more circuits in IC implementation. Therefore,
in some applications, it is desirable to trade-off computational complexity for
simplicity and regularity in the trellis to reduce circuit requirements and gain
decoding speed.

In chapter 2, we consider how to evaluate the number of codewords of the
minimum weight for linear subcodes of RM, ,,, whose bases are formed from the
monomial basis of RM,.,,, by deleting AK monomials of degree » where AK <
(T) For AK < 3, a formula or an effective method which gives the number of
codewords of the minimum weight is presented. We also show how to delete AK
monomials in order to obtain the subcode with the smallest number of codewords
of the minimum weight. For (64,40) subcodes, there are three equivalent classes,
each of which consists of all equivalent codes. For each class, the number of
minimum weight codewords, the number of second smallest weight codewords
and simulation results on error probabilities of soft-decision maximum likelihood
decoding are shown. The class with the smallest number of minimum weight
codewords provides the best error performance among three equivalent classes.

In chapter 3, we study the RMLD for a class of codes that are transitive
invariant. This class of codes includes RM codes, extended and permuted prim-
itive BCH codes (EBCH codes), and their subcodes. For this class of codes,
the binary uniform sectionalization of a code trellis results in a simple regular
structure among the sections so that the metric table construction procedure can
be applied uniformly at each decoding recursion level. The metric tables at the
same recursion level have the same size and structure. This simplifies the imple-
mentation of an RMLD algorithm. Furthermore, for transitive invariant codes,
the binary uniform sectionalization of a code trellis results in almost the same
computational complexity as an optimum sectionalization does. This provides an
excellent trade-off between computational complexity and code trellis regularity

for simple implementation.



The overall decoder for the (64, 40) subcode of RMj3 ¢ code consists of 32 identi-
cal RMLD decoders based on binary sectionalization, each such decoder processes
a (64,35) subcode or its coset parallel. Then, the problem is how to choose a
subcode to minimize the computational complexity. Because ACS(add-compare-
select) procedure roles a main part in RMLD, the total number of additions and
comparisons in ACS procedure is used as an evaluation index. We consider how
to choose the (64,35) subcode of RMj3¢ whose bases are formed from the mono-
mial basis of RM34 by deleting seven monomials to minimize the total number
of additions and comparisons in ACS.

The iterative decoding algorithms, such as GMD and Chase II decoding al-
gorithms, use an algebraic decoder iteratively with respect to successively chosen
input words, called the search centers. Their performances are degraded by the
decoding failure of algebraic decoding and the duplication in generating candi-
date codewords as simulation results show. By these facts, they do not achieve
both a good error performance and a low computer complexity. We present new
two iterative decoding algorithms and sufficient conditions on the optimality on
the decoded codeword to avoid these drawbacks.

In chapter 4, we present “multiple GMD decoding” [11, 13| for binary lin-
ear block codes. Some improved versions of GMD decoding have been pro-
posed [12, 17, 18] and performance analysis of GMD decoding has been pre-
sented [16]. Simulation results in [12] for several examples codes show that better
error performance than for that of the improved version in [17] is provided by
adding two bounded distance-to( = (the minimum distance — 1)/2]) decodings
around two appropriately chosen centers to the original GMD decoding.

In this decoding algorithm, GMD-like decoding is iterated around a few ap-
propriately selected search centers. The original GMD decoding by Forney [15]
is a GMD-like decoding around the binary hard-decision sequence. For ex-
tended BCH codes, EBCH(64, 24), EBCH(128, 85) and EBCH(128, 99), com-
pared with the original GMD decoding, this decoding algorithm provides better
error performance by moderately increasing the number of iterations of erasure
and error correction. To reduce the number of iterations, several sufficient con-
ditions on the optimality of decoded codewords have been introduced [12, 20,

21, 22]. We derive new effective sufficient conditions and show the effectiveness



by simulation for EBCH(64, 24), EBCH(64, 45), EBCH(128, 78), EBCH(128, 85)
and EBCH(128, 99).

In chapter 5, we present a new method of choosing the search centers of
successive bounded distance-t, decodings for binary linear block codes. For
BCH codes, BCH(63, 30), BCH(63, 45) and BCH(127, 92) codes, with the min-
imum distance, 13, 7 and 11, respectively, simulation results show the effec-
tiveness of the choice of search centers. To reduce the number of iterations
of bounded distance decoding algorithm without any loss of error performance,
we derive new effective sufficient conditions on the optimality of decoded code-

words as early termination conditions and show the effectiveness by simulation
for BCH(63, 30), BCH(63, 45), BCH(127, 85) and BCH(127, 92).



Chapter 2

On the Number of Minimum
Weight Codewords of Subcodes
of Reed-Muller Codes

2.1 Definitions

We consider the number of minimum weight codewords in (2,7 (m) — AK)

i=0 \ 4
linear subcodes of RM, ,, for 0 < AK < (T) The notation Npi,(C) denotes
the number of minimum weight codewords in a subcode C'. Let z1,x,,... ,z,, be

m variables. Let P,,, denote the set of binary polynomials with m variables of
degree 7 or less and let M, ,,, denote the set of monomials in P, ,,. For a codeword
of RM, ,,, there is a unique polynomial in P, ,, which represents the codeword [2,
Ch.13, §3|. Hereafter, the polynomial is used in place of a codeword.

For 0 < h < r, define J, ={{j1, 72, ,jn} : 1 < j1 < jo < -+ < jn < m},
Jo é{Q)(empty set)} and J éU;:o J,. For oy and as in J, let oy N ay denote
the ordered set of those integers which are contained in both of oy and «y. For
a={ji,J2,--- ,Jn} € Jp with 1 < h < r, define m, as the product of variables
T, Tjys - 2, and let my £1. Polynomial f € P, ,, can be expressed uniquely as
a linear sum of monomials in M, ,,,, and for o € J, let ¢,(f) denote the coefficient
of m, in the sum of f. For a set X, |X| denotes the cardinality of X. For a
binary r X n matrix B and « = {ji,j2,... ,Jn} € Jp with j, < n < m, let B,

denote the submatrix of B consisting of the j;-th column, the js-th column, ...,



the 75,-th column of B.

2.2 Minimum Weight Codewords

Let P, ;, min denote the set of those polynomials in P, ,,, which represent codewords
of minimum weight 2™~". Then, as shown in [2, Theorems 5, 7 and 8 in §4, Ch.13],
f € P, pumin if and only if f is of the following form :

f=11ta+) " ayey),
i=1 =1

where

rank o : =T (2.1)
Qpy  * 0 Arm
Let A, ,, denote the set of those r x (m + 1) binary matrices whose submatrices

consisting of the first m columns have rank r. For A € A, ,,, define

r

p(4) = H(aim+1+zazjﬂfj), (2.2)

i=1
where a;; denotes the (7,7) element of A for 1 <7 <rand1 < j <m+1. For
two polynomials f and g in P, ,, and 0 <7 < r, we write f = g, mod F;,, if and
only if f + g € P;,,. Then, p(A) is uniquely expanded as follows:

r

p(A) = H(az’m+1 + Z a;;7;)

=1

= Z det(Ay)mea, mod Pr_q . (2.3)

2.3 The Number of Minimum Weight Codewords
of a Subcode Spanned by Monomials

For simplicity, we consider the case where the subcode C' of a RM code is spanned
by monomials in M, ,, \ AM where AM C M, ,,, \ M,_1,, and |[AM| = AK. Let

6



A.J denote the subset of .J, such that AM = {m, : a € AJ}. The subcode C is
denoted also by C(AM) or C(AJ). Then, f = p(A) with A € A, ,, is a codeword
in C(AJ), if and only if

det(A,) =0, for « € AL (2.4)
For different ay, s, ... ,ap, € J, define F(ay, s, ..., an) ={f € P, min © Ca; (f)
1for 1 <i<h}and v(og,an,...,qp) é|F(a1,oz2,... ,ap)|. Then, for AJ con-
sisting of different ay, ag, ... , ap, Npnin(C(AJ)) can be expressed by the principle

of inclusion and exclusion as follows:

m—r—1

. 2m—i -1
Nmm(C(AJ)) = 2 H m — Z V(O[i) + Z V(Oéil, O[Z'Z)
1=0 1<i<h 1<i1<i2<h
o (1) Z (G, Qs ooy 0,)
1<i1 <2< <is<h

cet (—1)hy(041,052,... , ), (2.5)

where the first term of the right-hand side is the number of minimum weight
codewords of RM,,, [2, Ch.13, §5].
We consider how to evaluate v(ay, ag, ... ,a4) for 1 < h < AK. The following

lemma holds.

Lemma 1 v(oy, s, ..., q4)is equal to the number of 7 X (m~+1) binary matrices
A’s such that

(1) A, is the identity matrix,

and
(2) det(A,,) =1, for 2 <i < h.

(Proof) (i) Let A be a matrix satisfying the above conditions. Then, p(A4) €
F(ag,ag,...,ap). Let A and A’ be two different matrices satisfying the above
conditions. Let a;; and a; ; denote the (1,7) elements of A and A’, respectively.
Without loss of generality, let oy = {1,2,...,r}. If the (m + 1)-th columns of A
and A’ are different, then substitute 0 for variables z; for r < j < m in p(A) and

p(A”"). Then the resulting polynomials are different polynomials [;_, (z; + @im+1)
and [[;_,(z; + a},,41). If A and A" have different (i, j) elements, say a;; = 1 and

7



a;j = 0 where 1 < ¢ < r and r < j < m, then substitute 0 for variables x; for
te {ifu{r+1,r+2,...,m}\ {j}. Then, the resulting polynomial of p(A)
contains monomials @ ...T; 12Ty ...z, of degree r and that of p(A’) contains
no monomial of degree r. Hence, p(A) # p(A’).

(ii) Let B be an r X (m + 1) binary matrix such that p(B) € F(aq,aq, ... ,ap).
For 1 < i < r, let the i-th row of B be (b;,,b;,,... ,b; b CFor1<i<id' <r,
let B’ denote the matrix obtained from B by replacing the #-th row of B with
(bir +biy s big +biyy oo by + by, b, + i+ 1). Then, p(B") = p(B). By using
this kind of row operation and permuting the rows, we can derive a matrix A
such that p(B) = p(A) and A meets the above conditions. AN

Z'erl)

Tm )

Renumbering the suffices of variables induces a permutation of the bit posi-
tions of codewords. Hence, an equivalent code is derived by the renumbering.
Since equivalent codes have the same weight distribution, there is no loss of gen-
erality in assuming that oy = {1,2,...,r}. Hereafter in this section, we assume
this. For subsets Hy; and Hy of {1,2,... ,m+ 1}, Ay, g, denotes the submatrix
of A consisting of (¢, j) elements of A where i € Hy and j € Hy. For a € J, define
a® 2{1,2,..., m+1}\a, o' = aand a* ={1,2,... ,m+1}. For a sequence
B =Dbiby---by over {0,1,%} with 1 <h < AK, define

ng =a nabkzn-nal. (2.6)

(i) When AK =1, from Lemma 1, v(«y) is given as follows:

viog) = g(m=r+i)r, (2.7)
From (2.5), we have that
m—r—1 szi 1
Npin(C) = 27 = glmortbr 2.8
=21 yreiy 28)

(ii) Consider the case of AK = 2 and AJ = {ay, ap}. Define I =|oy N ol
By renumbering variables, we can assume that oy = {1,2,...,r} and ay =
{r+1-=0Lr+2—1,...,2r — 1} where 0 < [ < r. Then, det(4,,) = 1, if and
only if the (r — ) x (r —[) submatrix A, n,, is regular (refer to Fig. 2.1). The
number of such regular submatrices is given by

r—{—1

I @ -2

J=0



There is no restriction of submatrix A,,, n,,- Then, the number of matrices A

such that A,, is the identity matrix and det(A,,) =1 is

r—l—1
2r{m—|—1—(2r—l)} 2(7‘ 0l H 27‘ r ])
7=0
From Lemma 1,
r—l—1
]/(O[l,olz) _ 2r{m+1 (2’!‘ l} 2(’!‘ l H 2’!‘ l ] (29)
7=0
It follows from (2.5), (2.7) and (2.9) that
m—r—1 2m—i 1
Nmin C = 2 P - )
(@) I[O ] {v(an) +v(ag) — v(og, ag)}
m—r—1 2m—i 1
= S C _9.olmertD)r
H om—r—i _ 1
1=0
r—l—1
+27‘{m—|—1—(27‘—l)} . 2(7‘—l)l . H (27‘—l _ 2]), (210)
7=0

where AM = {mg,, mq,} and [ denotes the number of integers appearing in both
of a; and ay. The value of Ny;,(C) in (2.10) takes the minimum, if and only if
[ =0, that is, a; and «y are disjoint. This result is generalized in Theorem 1.
(iii) Consider the case of AK = 3 and AJ = {ay, as, az}. By renumbering of
variables, there is no loss of generality in assuming that oy = {1,2,...,r} and
the integers in nonempty sets m1gg, 7101, 2110 and nq1; are arranged as shown in
Fig 2.2, that is, for any i; € mig, 12 € 101,23 € N0 and 24 € nqyg, 1 < 41 <
iy < i3 < iy < r (for an empty set, skip it). Then, since A, (= A, np..) 1S
is an

an identity matrix and therefore A is a zero matrix and A

T10%,M11% T11%,M11%

identity matrix, we have that det(A,,) = 1, if and only if
(L1) submatrix A

Note that |njg.| =7 — |n114
(L2) submatrix A,,,,n,., is regular.

Note that |ni.| = r — |[n141| = |10« ]| (refer to Fig. 2.2). From (L1) and (L2), we

see that

10w o1, 18 TEgUlar.

= |ng1.|. Similarly, det(A,,) =1 if and only if




[ )
10 . O Anm,nm — 1
/r- [ )
I L 1
1
[ ]

n11 O '1 Ann,nm }l

\ L
Il Il I J
« T Ny Tor  Too
T r—1

Figure 2.1. The matrix A by renumbering variables.

(L3) the columns of A
(L4) the columns of A
The submatrix which consists of common rows and columns of A
iS An1007n011'

satisfying (L3) and (L4). If one of |nigo|, |n101], |2110] and |ngyi] is

nioemon, are linearly independent, and

nieomon are linearly independent.

T10%,7101x a‘nd

and

A

Am*o,nou

zero, No3 can be easily counted. For the case where they are all nonzeros, how

Let Ny3 denote the number of pairs of A

T 1%0,700x1 n10%,1011

to evaluate Ny3 is shown in Appendix A.
Since the first to the |ngip|-th columns of A, . n,,. are linearly independent of
the |ngi1| rest linearly independent columns of A,,,,. 5., the number of A

110%,70010

consisting of such columns is given by

[no1«|—1 |P10x|—1
H (2\n10*| _ 2]) — H (2|”10*‘ — 27) (2]_].)
j=Ino11] j=|no11]
Similarly, the number of A, ny 15 given by
Ino«1|—1 |n1xo|—1
H (2\n1*0| _ 2]) _ H (2|n1*0\ _ 23)‘ (2,12)
j=Ino11] j=|no11]
The elements of the (m + 1)-th column and submatrices A, . noos Aniiiinoess

and A

An o moon are arbitrary. The total number of these elements is given

by

T 1% ,7000

2|n11*\-\n010|+\n111|-|n0*1\+|n101\-\n001| % 2?"(|n000|+1). (213)
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Then, it follows from the definition of Na3, (2.11), (2.12) and (2.13) that the
number of matrices A such that A,, is the identity matrix, det(A,,) = 1 and
det(A,,) =11is

|n1os|—1 |10x|—1
Nys X H (2\n10*| _ 2j) % H (2|n1*0\ _ 2j)
J=|no11] j=|no11]
% 2|TL11*\'\n010|+\n111|'|n0*1\+|n101\'\n001| % 27”(|TL000|-|-1)7 (214)

(refer to Fig. 2.2). From Lemma 1, v(ay, as, a3) is equal to the value of the
formula (2.14).

For AK = 4, the evaluation of v(ay, as, az, ay) where ay Nag Nz Nay # 0
becomes more complicated. However, the method presented in Appendix A can

be applied to more general cases.

A

10,7001

N100 | s, 0
110x ¢ 1 O /]
n101 0 %,
! 1 <

1.
n110 %, 0
N11x < - O 1

By

\
52 Anuo,nou
/

1.
ni11 0 %,
1
N T
N1po0 M101  T110  M111 To10  To11 7001 7000
N ~~ N ~~ 4
D
T11% o1
o1

Figure 2.2. The matrix A by renumbering variables.
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2.4 Subcodes with the Smallest Number of Min-
imum Weight Codewords

We consider how to delete AK monomials in order to obtain the subcode with
the smallest number of minimum weight codewords. We first prove the following

lemma.

Lemma 2 We assume that (a) there is an integer, say m, which is not contained
in any @ € AJ and (b) there are two or more sets (3, fs,..., 5, in AJ which
have a common integer, say m — 1, and no other sets in AJ contain m — 1.
Let ﬂl’, € J, denote the set obtained from (3, by replacing m — 1 with m and
AJ AT\ {3} U {6,}. Then, we have the following inequality:

Nain(C(AT)) > N (C(AT')). (2.15)

(Proof) For a subset J' of J, define A(J') é{A € N det(A,) = 0,0 € J'}
Then [2, Theorems 3 and 5, Appendix B],

Nuin(C(J) = Hp(A): A e A()}
A
[T;2 (2 —29)
Hence it is sufficient to show that

IA(AT)] > [A(AT)]. (2.16)

For a binary r X (m + 1) matrix A, let Ay denote the r x (m — 1) submatrix
consisting of the first to the (m — 2)-th columns and the (m + 1)-th column of A.
That is, Ag = A12,. mt1}\{m—1,m}- For a binary = x (m — 1) matrix D, define

AAJ, D) = {AcA(AJ): Ay =D},
AAJT,D) = {A eAAJ): Ay =D},

We will show that for any binary r x (m — 1) matrix D,

IA(AJ, D)| > [A(AT, D), (2.17)

12



and that there are binary r X (m — 1) matrices D’s such that
|IA(AJ,D)| > |A(AJT', D). (2.18)

Since |[A(AJ)| = Y, |A(AJ,D)| and |A(AT")| = >, |A(AJ', D)|, where >,
denotes the sum over all binary r x (m—1) matrices, (2.17) and (2.18) imply (2.16)
and therefore (2.15).

There are the following three cases of D to be considered. Let D, denote the

submatrix of D consisting of the first m — 2 columns of D.

i) The rank of Dg\fp_1n < 7 — 2: For any binary r X (m + 1) matrix A
Bp\{m—1}

such that Ay = D, det(Ap,) = det(Ap ) = 0. Hence, if A" € A(AJ', D),

then A’ € A(AJ, D). That is, (2.17) holds.

(ii) The rank of Dg\fm—13 =7 — 1:

(ii.1) First, we assume that the rank of D, is r. If there is a set a € AJ\
{B1, B2, ..., By} such that det(D,) = 1, then A(AJ,D) = A(AJ',D) = 0. We
consider the case where for any set v in AJ\{f4, Bs, ..., By}, det(D,) = 0. Then,
for any binary r x (m + 1) matrix A (or A’) such that Ay = D and det(Az,) =0
with 1 <4 < p (or Ay = D, det(Aj) = 0 with 1 <@ < p and det(AfB;)) = 0),
A€ A(AT,D) (or A' € A(AT, D)).

Let a;; denote the (4,7) element of A and a;; denote the (4, ) element of A’
We will compare |[A(AJ, D)| with |A(AJ’, D)|. We can expand det(Ag,) on the
(m — 1)-th column of Ag, for 1 <i < p as follows:

det(Ag,) =Y Bijajm_1 =0, for 1 <i<p, (2.19)
7=1

where B;; is a cofactor and is dependent on D only. There is no restriction on
@1 my A2.mys - - - 5 Qrm- Let p denote the rank of the coefficient matrix of (2.19) whose
(¢,7) element is B;j for 1 <7 <pand 1< j <r. Since [A(AJ,D)| is the number

of 1 m—1,@2m—1,- -+ » Qrm—1, Gl my @2.m, - - - , Q. Satisfying (2.19),

IA(AJ, D)| =27, (2.20)
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We can expand det(Aj ) on the (m — 1)-th column of Aj; for 1 < i < p and
det(Aj ) on the m-th column of A}, as follows:

det(A}) = > Bjdj, =0, for1<i<p, (2.21)
7=1

det(Ay) = > Byaj,, =0. (2.22)
7=1

Let p' denote the rank of the coefficient matrix of (2.21) whose (i, j) elements is
B;jfor1<i<pand1l<j<r. Then,

p=porp—1. (2.23)

The number of a} . |, a5, 4,...,a,,,  satisfying (2.21) is 27— Since the rank
of A\ 1y (= Dp,\(m—1}) is 7 — 1, one of By, with 1 < j < r is not zero. Hence,
p

the number of @} ,,, d},,, ... ,a,,, satisfying (2.22) is 2"~'. Consequently, we have

that -
IA(AJ', D)| = 2%, (2.24)
From (2.20), (2.23) and (2.24), we see that
IA(AJ,D)| > |A(AT', D). (2.25)

(ii.2) Next, we assume that the rank of D, is r — 1. It is sufficient to consider
the case that the first r — 1 rows of D, are linearly independent and the last
row of D, is a zero row. Since the rank of Dy \(m—1y is 7 — 1, if A € A(AJ, D),
then a,,—1 = 0 from det(Ag) = 0 and a,,,, = 1 from A € A,,,. Conversely,
if a,m_1 = 0 and a,,, = 1, then det(4,) = 0 for « € AJ and det(A/%) =1,
that is, A € A(AJ, D). Hence, [A(AJ, D)| = 2?"2. Similarly, if A’ € A(AJ', D),
then a, = 0 from det(AfB;)) = 0 and a;,, ; = 1 from A" € A,,. Hence,
|IA(AJ', D)| < 22772, Consequently

IA(AJ, D)| > [A(AT, D). (2.26)

Note that if the rank of Dg, |\{m-1y is 7—1, then a; ,,_; = 1 implies det(A4 ) =
1. That is, A(AJ', D) is empty. Let D be a binary r x (m — 1) matrix as follows:

14



(a) the last row of D is a zero row, (b) the rank of Dg,\(m—1} is 7 —1 and (c) there
is a one-to-one correspondence between the set of columns of D\ (-1} and that
of Dg,_\{m1j such that the corresponding columns are the same column vector.

Then, the rank of Dg _ \(m-1} is r — 1, and therefore,
|IA(AJ,D)| > |A(AT', D). (2.27)
AN

Suppose that TAK < m. From Lemma 2, we can remove the overlap among
A.J step by step to decrease the number of minimum weight codewords. Thus we

have the following theorem.

Theorem 1 For rAK < m, the value of Ny, (C(AJ)) takes the minimum, if
and only if the sets in AJ are mutually disjoint. AN

In case that AJ consists of mutually disjoint sets, a formula for Ny, (C(AJ))
is readily derived from (2.5) and Lemma 1.

RM, ,,, code is spanned by the set of codewords with the minimum weight [2,
Ch.13, §5]. We can consider subcodes of RM codes which are spanned by a set of
codewords with the minimum weight. The basis of this subcode is formed from
that of a RM code by deleting AK codewords of the minimum weight which are
linearly independent each other. Then, for rAK < m, we can replace the AK
codewords to AK monomials of degree r by an affine transformation. Hence, this

case is reduced to the case that we have considered in Sections 2.3 and 2.4.

Example 1 Consider the number of minimum weight codewords of (64, 40) sub-
codes of the (64,42) RM code, that is, RM3¢. Table 2.1 shows the number of
minimum weight codewords of a subcode whose basis is formed from that of
the (64,42) RM code by deleting two monomials. By renumbering the suffices
of variables, there are exactly three cases, that is, AMy = {z122x3, v42576},
AM, = {12923, z32475} and AMy = {x 2923, Tox324}. The code C(AM,) with
the smallest number of minimum weight codewords has the smallest block error
probabilities at E,/Ny = 2.0, 3.0,4.0 and 5.0dB as is shown in Table 2.1.

The result in Sections 2.3 and 2.4 can be generalized to the case where monomials
of degree r—1 may be deleted, that is, AM C M, ,,\ M, _3 ,,, by using the following
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Table 2.1. Minimum Weight Codewords of (64, 40) subcode of RM3.

The number of

The block error probabilities at Ej/Ny for

AM | minimum weight soft-decision maximum likelihood decoding
codewords 2.0dB 3.0dB 4.0dB 5.0dB
AM, 4312 854 x 1072|133 x1072 968 x10%|293x10°°
AM, 4504 8.67x1072]1.36 x1072|997x10% | 3.38x10°°
AM, 5016 899 x 1072 | 1.46 x 1072 | 1.09 x 1073 | 3.66 x 107°

fact: For o = (j1, 72, ,0r-1) € Jp_1, let A, denote the r X r submatrix of A
consisting of the j;-th, the jo-th, ..., the j,_;-th and the (m + 1)-th columns of

A. Then, we have that

p(A)= > det(Ay)ma, mod Py (2.28)

aGJr_1UJT

We consider the case where the subcode C of a RM code is spanned by monomials
in M, ,, \AM where AM C M,_5,,,, |AM| =2 and AM = {oy,as} for ay € J,_4
and ay € J,.

Consider the case of |[AM| =1 and oy € J._;. There is no loss of generality
in assuming that ay = (1,2,... ,7—1). The first to the r — 1-th columns of A are

linearly independent and there exists unique j satisfying the following conditions:
(1) r<j<m,

(2) the first to the r — 1-th and the i-th columns of A for r < i < j are linearly
depend,

and
(3) the first to the » — 1-th and the j-th columns of A are linearly independent.
For any j, we evaluate the number N; of matrices such that

(1') the submatrix consisting of the first to the » — 1-th and the j-th columns
of A is the identity matrix,

and

(2") the first to the r — 1-th and m+ 1-th columns of A are linearly independent.
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Then, the total sum of N; for r < j < ris v(ay), that is
v(a) =Y _ Nj. (2.29)
J=r

Consider the case of |AM| = 2. Let [ denotes the number of integer appearing
in both of a; and as. By renumbering variables, we can assume that a; =
(r+1—=0Lr+2—1,...,2r—1—1)and g = (1,2,... ,r) where 0 <[ < r. Then,
det(A,,) = 1, if and only if the (r — 1) x (r — [) submatrix consisting of the first
r — [ rows and the ji-th, the jo-th, ..., the j, ;-th and the (m + 1)-th columns
of A is regular. There is no restriction of the submatrix consisting of columns of
A, excluding the first (2r — 1 — 1) columns an the (m + 1)-th column. Then, the
number of matrices A such that A,, is the identity matrix and det(A4,,) =1 is

r—Il—1
grimti=@r=D} olr=0 TT (27! — 27), (2.30)
§=0
From Lemma 1,
r—Il—1
V(o o) = 27 {m+1=Cr=0} o(r=Di | H (27— 2%). (2.31)
§=0
It follows from (2.5), (2.7), (2.29) and (2.31) that
m—r—1 szi 1 m
. _ or s - . — g(m=rtbr
len(c) = 2 H 2m—r—i -1 ZN] 2
=0 J=r
r—l—1
forimt1-(2r=D}  o(r-0L H (2rF —27). (2.32)
7=0

Example 2 Consider the number of minimum weight codewords of (64, 40) sub-
codes of the (64,42) RM code. Table 2.2 shows the number of minimum weight
codewords of a subcode of a RM code is spanned by monomials in M, ,, \ AM
where AM C M, _5 ., |[AM| =2 and AM = {a;,ay} for oy € J,_; and ay € J,.
By renumbering the suffices of variables, there are exactly three cases, that is,

AM = {x1x9x3, v425}, {T12973, T34} and {z12973, To73}.
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Table 2.2. Nuyin(C(AM)) where AM C M, ., \ My—om, |AM| = 2 and AM =
{ay, ap} for aq € J._; and oy € J,.

AM The number of
minimum weight codewords
T1X2T3, TyTs 4568
L1223, 3Ty 4760
T1T2T3, ToX3 5272

2.5 Conclusion

We have presented a formula or an effective method which gives the number of
minimum weight codewords in a (2™, >;_; (") —AK) linear subcode C of RM, .,
code which is spanned by monomials with m variables of degree r or less over
GF(2) for AK < 3. Next, it has been shown in Theorem 1 how to delete AK
monomials in order to obtain the subcode with the smallest number of codewords
of the minimum weight for rAK < m. In Example 1, we have shown the numbers
of minimum weight codewords of all such (64,40) subcodes of RM3¢ and those

error probabilities of soft-decision maximum likelihood decoding by simulation.
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Chapter 3

A Recursive MLD Algorithm for
Some Transitive Invariant Binary

Block Codes

3.1 A Review of RMLD Algorithm

Consider a binary (n,k) linear block code C for error control over an AWGN
channel using BPSK signaling.

For a positive integer n, let V™ denote the vector space of all the n-tuples
over GF(2). For an n-tuple w = (u1,us,...,u,) € V", let wt(u) be the Ham-
ming weight (or simply weight) of uw. Let x and y be two nonnegative integers
such that 0 < z < y < n. For an n-tuple u = (uy,us,... ,u,) € V", define
Peytt =(Upy1, Usioy - - 5 1y), and p,,(C) ={psyu : w € C}. Then p,,(C) is a
linear code of length y — . Let C,, denote the subcode of C' which consists of
those codewords whose components are all zero except for the y — x components
from the (x 4 1)-th bit position to the y-th bit position. For simplicity, we use
the notation C}',, for the truncated code py,(Cyy)-

For a linear block code A and its linear subcode B, A/B denotes the set of
cosets of B in A, called partition of A with respect to B. For two binary tuples
u = (uy,ug,...,u;) and v = (vy,vy,...,0;), let w o v denote the concatenation
of w and v, (uy,us, ..., u; vy, v9,...,v;), and for block codes A and B, Ao B
denotes {uowv:u € A,v € B}. For a set X, |X| denotes the cardinality of X.
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For integers x and y such that 0 <z <y < n, let L, , denote the cosets of
Cy, in the partition p,,(C)/CY,, i.e.,

x,y’
A r
Ly y = puy(C) C;y. (3.1)

L, , plays a key role in RMLD algorithm.

Let D be a coset in L, ,. For a vector u € D, let m(u) denote the correlation
metric of u with the received sequence (from the (z + 1)-th bit position to the
y-th bit position). Define

m(D) & max m(w) (3.2)

which is called the metric of coset D. Let [(D) denote the vector in D that has
the largest (correlation) metric in D. This (y — x)-tuple [(D) is called the label
of coset D.

Form a metric table for L, , which consists of the pairs,
(m(D), (D)),

for all the cosets in L,,. This metric table is called L, ,-table. Note that for
r=0and y=n, Ly, = {C}. When L ,-table is constructed, it stores the most
likely codeword and its correlation metric. The RMLD algorithm for decoding C'
is simply a recursive procedure for constructing L, ,-tables for long trellis sections
from short trellis sections.
Assume that y — x > 2. Let z be an integer such that z < z < y. For each
D € L,,, define A,(D) Z{D, € L, : D. C p,.(D)}. Since D is in P2y (C)/CY,
and D, is in vaz(C)/C;fz, D, is in vaz(vay(C)/(C;fz o C;fy)), that is, for each D,,
there is a binary (y — x)-tuple w such that D, = {p,.u +v :v € C},} and there
is exactly one coset in L., {p. u+wv:v € CY, }, denoted adj(D., D), such that
D, oadj(D,,D)C D. (3.3)
Hence |A,(D)|, denoted A, .., is given by

Ap iz = |G /(1G] - ICT, D (3.4)
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Then, it follows from (3.3) that

D= |J D.oadj(D.,D), (3.5)
D.€A.(D)
and
m(D) = D:él,i)((p){m(Dz)+m(adj(Dz’D))}’ (3.6)
(D) = U(DL)oiadi(D., D)), (37)

where the maximum of the right-hand side of (3.6) is taken by D, € A,(D).
Note that m(D’) and [(D’) are stored in the L, ,-table and m(adj(D’, D)) and
l[(adj(D, D)) are stored in the L, ,-table. Therefore, from (3.6) and (3.7), L, ,-
table can be constructed from L, .- and L, ,-tables.

The Ly ,-table for C' (or decoding C') can be obtained by executing the fol-
lowing recursive procedure RMLD-C'(z, y):

(1) Construct L, ,1-table directly, or

(2) if y—x > 2, then choose an integer z such that r < z < y. Execute RMLD-
C(z,z) and RMLD-C(z,y) to form L, .- and L, ,-tables. Construct the
L, ,table from L, ,-table, L, ,-table and A,(D) by using (3.6) and (3.7).

AN
A straightforward method for solving (3.6) is add-compare-select(ACS)
which is used in conventional Viterbi algorithm. Let v(xz,y; z) denote the number

of additions and comparisons in ACS for solving (3.6). Then

veyiz) = ), (21AD) -1

DELw,y
= (244 = D) [Layl. (38)

3.2 Transitive Invariant Block Codes

For a positive integer m, let P,, denote the set of Boolean polynomials of m
variables, x1, s, ... , x,,, which take values 0 or 1. Consider a Boolean polynomial

A . o
f = flxy,z9,... ,xp) in P,. For each combination of values of x1,zs, ..., T,
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the polynomial f takes a truth value either 0 or 1. For the 2™ combinations of
values of 21, s, ..., x,,, the truth values of f forms a 2™-tuple over GF(2).
For a nonnegative integer [ less than 2™, let (b, by, ... , b, ) be the standard

binary representation of [ such that
L=1by +b,2+--+b, 2" (3.9)
For a given Boolean polynomial f € P,,, we form the following 2™-tuple:
v = (v1,0g,...,0Um) (3.10)
where

v = f(biy, by ..., br,,) (3.11)

with 0 <[ < 2™. We say that the Boolean polynomial f represents the vector v.
We use the notation v,,(f) (or simply v(f) when there is no confusion) for the
vector represented by f.

There are 22" Boolean polynomials in P,,. It follows from (3.10) and (3.11)
that these polynomials uniquely define all the 2™-tuples over GF(2). For a subset
X C P,,, define

V(X)) £ {vn(f): f € X}

which is a subset of the vector space of all the 2™-tuples over GF(2). Therefore,
for a binary block code C' of length 2™, there exists a subset Pz of P, such that
C = v,,(P¢). This Boolean polynomial representation of block codes of length 2™
is quite useful in analyzing their structural properties [2]. The most well known
example is the Boolean polynomial representation of RM codes. For 0 < r < m,
let P, ,, denote the set of polynomials of degree 7 or less in P,,. Let RM,. ,,, denote
the r-th order RM code of length n 2 gm Then, the RM,.,, is given by v,,(P,.pm),

le.,

RM,m = 0 (Prm) = {vm(f) : f € P} (3.12)

Let C be a binary block code of length 2™ which is specified by a subset Pg of

polynomials in P,,. We introduce the following definition:
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Definition 1 C is said to be binary transitive invariant (or b-transitive invari-

ant), if and only if for any f(zy,2s,... ,2,) € Po and (a1, as, ... ,a,) € Vi,
f(l'1+a1,$2+a2,... ,xm+am) € Pc. (313)
That is, if f € P represents a vector v = (vy,vs,... ,09m) € v,(Pe), then for
(ay,a9, ... 0m) € Vi, f(x1+ay, 9+ as, ...,y + an) represents another vector
u = (uy,Usy ... ,Uym) € Vy(Po).
AN

This transitive operation simply permutes the components of v,,(f). For
0 <1< 2™, the component vy, of v,,(f) at the position [ +1 =3 " 5,21 +1

is permuted to the position

U41=) (b +a)2 ' +1.
i=1
RM codes [4] and extended and permuted binary primitive BCH codes [9] are
b-transitive invariant. Let C, denote the set of codewords in C'" with weight w,

l.e.,
A
Cyp={u € C:wt(u) =w}.

It is clear that, for a b-transitive invariant code C, the subcode C,, is also b-
transitive invariant. For a polynomial f(zy,xs,...,2,,) € P, define 9f as fol-

lows:

of é{f(1:1+a1,3:2—|—a2,... T+ Q) — [(T1, @0, o Ty) ¢ (ag, a0, ...y am) € Vi)

(3.14)

Then we have the following lemma:

Lemma 3 If C is a binary linear code of length 2™, then there is a subset Q¢
of P, such that C is spanned by v,,(Q¢). C is b-transitive invariant if and
only if for f € Q¢, each polynomial in df can be expressed as a linear sum of
polynomials in Qc¢.

AN
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For two monomials ¢, = x; x;, -+ - x;, and ty = ;7 -+ - x5, 11 is said to be a
subterm of ¢, or ¢, is said to be a superterm of ¢;, if and only if {i1,4s,...,7,} C
{j1,72,--- ,Jq}- Then, for a monomial ¢ in P,,, each polynomial in 9t (defined
by (3.14)) can be expressed as a linear sum of subterms of ¢ other than ¢ itself.
Suppose that a linear code C' is spanned by v,,(Mpg)(or simply Mp), where Mp
is a set of monomials in P,,. Then, it follows from Lemma 3 that C' is b-transitive
invariant, if and only if the following closure condition (CS) on subterms holds:
(CS) For t € Mp, all subterms of ¢ are in Mp.

Let f(zy,z3,...,z,) be a polynomial in P,, and {by,bs,...,b,} be a set of
binary constants (i.e. b; =0 or 1 for 1 < i < h). Let fy,p,.., be the polynomial
obtained from f(z,xs,...,%,,) by setting x,,_pi1 = by, Ton_py2 = bo, ... , Ty =
b,. Then fyp,..4, is a Boolean polynomial of m — h variables, zy,s,... ,2p_p
in P, . Let 3 represent the binary sequence bbs - - - by, i.e., 3 2 biby - --by,. For
simplicity, we use the notation fz for fy,s,..5,- Let j be the integer defined by
B = biby - - - by, as follows:

h
i b2 (3.15)
i=1
Then we can readily see that

Pizm=n 4ryzn=r (Vm(f)) = Vm-n(fs)- (3.16)

For f(z1,xs,... ,%m) € Py, binary sequences 3 = byby - - - b, and ' = b\, - - - b,
with 1 < h < m, define

fl(xla L2y 7$m)
= f(xla T2y s Tm—hy Tm—ht1 + bl + blla Tm—h+2 + b2 + blZa cee T bh + blh)a
(3.17)
P ; P ;
7 =502 and 5/ =5 bl2""'. From (3.16), we have
=1 =1
pjzm=r +nzn=r(Om(f)) = Vmn(fs) = vmn(f5)
Djram=h (j4+1)2m=h ('Um(fl)) (3.18)
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If C' is b-transitive invariant, then f’ € P if and only if f € Po. Hence, from
(3.18),

pj2m—h,(j+1)2m—h(c) = pj'zm—h,(j’+1)2m—h(c)- (3.19)
Similarly, we have that

ct —C!

r
j2mh (ot gramh(ginzm

(3.20)
From (3.1), (3.19) and (3.20), we have the following theorem.

Theorem 2 Suppose a linear block code C' of length 2™ is b-transitive invariant.
Then for 1 <h <m and 0 < j < 2", Lijom-n (j41)2m-—n for C is the same for all j.
AN

Theorem 2 says that for a b-transitive invariant code C' of length 2™, if we

2m—h

divide the code (or code trellis) into sections of length all the sections

)

have the same structural properties with respect to the operations of the RMLD
algorithm proposed in [5].

3.3 Decoding of Binary Transitive Invariant Codes
with the RMLD Algorithm

Let C' be a binary linear block code of length 2™ which is b-transitive invariant.
Suppose C' is decoded with the RMLD algorithm. From Theorem 2, we see
that if we sectionalize the code uniformly at each recursion level, all the sections
will have the same L, ,. Consequently, the RMLD-C(z,y) procedure is applied
uniformly among all the sections to construct L, ,-tables from tables at a lower
level based on (3.6) and (3.7). This uniformity (or regularity) is very advantageous
in implementation. In hardware implementation, this results in identical circuits
for all the sections [1].

Based on Theorem 2, we propose the following binary (uniform) sectional-
ization. At each level, we always choose x and y such that 0 < z < y < 2™,

y—x>2,z+yeven and z = (x + y)/2. At the 0-th level (or top level), we set
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r=0,y=2"and z = 2™ . At the first level, the code is partitioned into two

sections with

(z,y) € {(0,2771), (2", 2™)}.

Each section is of length 2™~!. At the second level, each section at the first level
is partitioned into two equal sections, each section is of length 2™ 2. This results

in four sections with

(z,y) € {(0,277%), (2m7%, 271,
(mel, 2m72 + 2m71), (2m72 _|_ 2m71, 2m)}

For 0 < h < m, at the h-th level, the code is partitioned into 2" sections with
(z,y) € {(52" ", (G+1)2" ") :0<j < 2"} (3.21)

Each section is of length 2™~". The above sectionalization process continues until
y —x = 2. At the bottom of the sectionalization, each section consists of two

code bits. This results in a sectionalization tree shown in Figure 3.1.

(0,2™)
| (0,27 ) | | (2ntem) |
(0,2m-2) (3-2m2 2m)
02 | | @9 | | (2" —2,2m) |

Figure 3.1. Binary Sectionalization.

In decoding C using the RMLD algorithm, all the L, ,-tables at the bottom

of the sectionalization tree are constructed directly using the methods proposed
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in [5]. As the recursion moves up to higher levels of the tree, each L, ,-table is
constructed from two tables, L, ,-table and L, ,table, with z = (z +y)/2 at a
lower level. Suppose the h-th level of recursion has been completed. We have all
the L, ,-tables for each (z,y) in the boundary of (3.21). The decoder moves up
to the (b — 1)-th level. At this level, the L, ,table with x = j2™"*! and y =
(j+1)2m "+ is constructed from L, ,-table and L, ,-table with z = (2j+1)2™".
The recursion process continues until it reaches to the top of the tree. At this
point, Lg,-table is constructed, which contains only the most likely codeword
and its metric. Decoding is then completed.

The above binary sectionalization is most suitable for parallel/pipeline pro-
cessing, while the decoder is processing all the sections of a received word in
parallel at one recursion level, it is also processing other received words at other
recursion levels. This parallel /pipeline architecture is desired in high-speed data
communication where a decoder must operate at a high speed.

For a transitive invariant linear block code of length 2™ using RMLD algorithm
based on binary sectionalization, it follows from (3.8) and Theorem 2 that the
total number of additions and comparison required to construct all the L, ,-tables
based on (3.6) using ACS procedure is given by

m—1

Y= (24pgmnom-n1 — 1) |Logm-n| - 2", (3.22)
h=0

For a given code C, the computational complexity can be evaluated once Ag ym-n.gm—n-1
and Lg gm-» for 0 < h < m—1 are known. For a nonlinear subcode C’ of a binary
linear block code C, L, is defined as {D N p,,(C') # 0 : D € p,,,(C)/Cy,}.
Then RMLD can be generalized to decoding of C’ [9]. If C and C”" are transitive
invariant, then Theorem 2 can be extended to C’. For example, Theorem 2 holds

for Cy, with 0 < w < 2™,

3.4 Structural and Computational Complexity
Analysis
In the following, we first analyze the structure of
Loy = pey(C)/C3y
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and A, ,... Once their structures are known, the computational complexity of the
RMLD algorithm can be evaluated. The analysis is based on Boolean polynomial
representation of C.

Suppose that a binary transitive invariant linear code C'is spanned by v,,(Mp)

where Mp is a set of monomials in P,,. Using binary sectionalization, we set
A
r = j2m"h
{ R (3.23)
: m—~h
y=0+1)2m7,
for 0 < h <m and 0 < j < 2" Let 0; denote the all-zero [-tuple over GF(2). Tt

is easy to see that
(1) pay(C) is spanned by
MB,Oh é{l‘ﬁl‘@ T Ty, EMp:1<i;<ip<---< ip <m— h,} (324)
and
t .
(2) €}, is spanned by
Mp/Tm hi1Tm hi2 Tm = T2, - i, 1< <dp <o <dp <m—h

and T3, i, - Tiy T 1 Tm—ht2 - T € Mp}. (3.25)

Then, it follows from (3.1) and (3.4) that for code C,

o [Laal = Moyl = [Mp/m nestm niz-oml (3.26)
10g2 Am,y;z = |MB/$mfh+1$mfh+2 T xm|
—2|MB/Tm - hTm—hi1 " Tonl- (3.27)

Now we consider RM codes. Recall that the RM,. ,, is specified by the Boolean
polynomials in P, ,,. Let M, ., be the set of all monomials in P,,,. Since RM, ,,

is spanned by the vectors in v,,(MM, ), we obtain

MT,m,Oh = Mmin{r,mfh},m—h (328)
M/ Tr—hg 1Tz T = My_p e
(empty for 7 < h). (3.29)

It follows from (3.24) to (3.29) that we have Theorem 3 which gives the structure
of Ly,.
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Theorem 3 For integers x and y defined by (3.23),
(1)

pm,y(RMr,m) = RMmin{r,mfh},mfha (330)

RM, _p m— ) if r > h’7
[RM,.J¥, = ham—hy T = T (3.31)
e {0ym-1}, otherwise.
(3) Ly, for RM,,, is the same for all j such that 0 < j < 2", and
1%l\/[min r,m—h},m— RM’I‘— m—h> f; Z ha
Lyy = ot/ By, for T 2 (3.32)
RMumin{r,m—n}m—h/{0m-n}, otherwise.

—h-—1
log, Az y;e = ( mr _h ) . (3-33)

AN

Based on (3.22), (3.32), and (3.33), we can evaluate exactly the computational
complexity of the RMLD algorithm for a RM code with binary sectionalization.

Example 3 A (64,40) subcode of RMj3 ¢ is being considered as an inner code in a
concatenated coding system for NASA’s high-speed satellite communications [3].
The overall decoder for the RM subcode consists of 32 identical maximum likeli-
hood decoding (MLD) decoders, each such decoder processes a (64,35) subcode
C or its coset in parallel. In this example, we assume that an RMLD decoder
based on binary sectionalization is used, and consider how to choose the (64, 35)
subcode C' of RM3¢4 to minimize the total number v of additions and compar-
isons in ACS. We assume that a subset M of M, ,, satisfies the closure condition
(CS). Let C(M) denote the subcode of RM, ,, spanned by M, and let t be a
monomial in M whose superterms are not in M. For 0 < h < m, it follows
from (3.26) and (3.28) that the difference between the values of log, |Lg gm-n| (or
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log, Aggm-n.gm-n-1) for C(M) and C(M\{t}) is independent of M. Let ALM(t)
(or AAM (1)) denote the difference. Table 3.1 shows ALM(¢) with 1 < h < 5
and AAM(t) with 0 < h < 5 for t € M;36\Mg. For a subset AM of M con-
sisting of different monomials t,¢,,... ,%; such that there is no superterm of
t; in M\{t1,ts,... ,t;_1}, the difference between the values of log, |Lgam-n| (or
logy Ag gm—r.am-n-1) for C(M) and C(M\AM) is given by SFCALM(t), de-
noted ALM(AM) (or Zle AAM(t;), denoted AAM(AM)). The total number
v for C'(Mgs\AM) with |[AM| =T is given by

9 . 9l0-AAO(AM) _ 1) - 90 . 90

! + Ez . 26—AA(1)(AM) . 1) . 210—AL(1)(AM) .91
+ (2 . 237AA(2)(AM) . 1) . 2107AL(2)(AM) .92
+ (2 . 217AA(3)(AM) . 1) . 277AL(3)(AM) .93
+ (2 90-0 _ 1) - 94=ALM(AM) | o4
+ (2-2°0—1)-2%0.2°% (3.34)

There are two cases to be considered.

(i) From the closure condition (CS) and |[AM| = 7, AM can contain at most
one monomial in M. Consider the case where AM contains one monomial
t in My ¢. By considering the effect to v by ¢ and its all superterms based
on Table 3.1, we see that we should choose xxy, x1x9x; with 3 < 1 < 6,
and then x,x3x4 and xox3x4. This choice of AM, denoted AM,, yields the
smallest v = 7039. If we choose one monomial of form z; z;,z5 other than
r1xx5 instead of one of xryx314 and xox3xy, then we have v = 8959, which

is the third smallest value of .

(i) AM C M;g\M,g: Since each monomial of degree 3 can be chosen
independently without violating the closure condition (CS), from Table 3.1
and (3.34) we see that we should choose z;xox3 first, {z; x;,24 1 1 < 4y <
iy < 4} next and any three monomials in {z; z;,x5 : 1 < iy < iy < 5}. For
this choice of AM, denoted AM,, v = 7807, which is the second smallest

value of 7.

Table 3.2 summarizes these choices of AM. An RMLD decoder for C'(M; ¢\ A M,)
is designed with VLSI [1], and a decoder for C'(Ms¢\ A M) is being designed.
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3.5 Conclusion

We have studied a class of linear block codes which are transitive invariant. A
condition for a code to be transitive invariant has been proved. We have shown
that transitive invariant block codes have uniform structure. This structure is
advantageous for implementation of the RMLD algorithm based on a binary
uniform sectionalization.

It follows from Examples 1 and 3 that C'(Msg \ AM}) with the smallest
value of v and C (M5 \ AM}) with the second smallest value of v are subcodes
of C(Mje \ AM;) which has the second smallest number of minimum weight
codewords and that C(M;6\ AM]) with the third smallest value of 7 is a subcode
of C(Ms3g6\ AM,) with the smallest number of minimum weight codewords.
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Table 3.1. ALM(¢) and AA®=D(¢) with 1 < h <5 for t € Mag \ M.

ALM ()t AAM (1)f

t \ h 1] 2] 3[4] o 1] 23
T4T5Tg —1 —1 —1 O —1 —1 —1
Li5 o 1 —1| olo|=1|=1| 1]0
(1<i<4)
Talile 1| o] olo|=1| 1] olo
(1§Z1<Z2<5)
Talipls 1| ol olo] 1| o] oo
(1§Z1<Z2<5)
TnTipte 1| 1] olo] 1| o] oo
(1§Z1<Z2<4)
T1X2T3 1 1 110 1 0 010
IT5Xg —1 —1 0 0 -1 -1
T;Tg

, 1| o] olo|=1| 1] olo
(1<i<5)
Z;Ts5

, 1| o] olo] 1| o] oo
(1<i<5)
T;Ty

, 1| 1] olo] 1| o] oo
(1<i<4)
Z;T3

_ 1| 1] 1lo] 1| o] ofo
(1<i<3)
2175 1] 1] 1lt] 1] o] ofo

FALG)I(#) = AAW (1) = AAB) (1) = 0 for t € Mz \ M.
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Table 3.2. ALM(AM') and AA®~D(AM') with 1 < h < 5 and v for
C(Msg \ AM').

ALD (1) W | 4
AM' \ k|1 314 1 2
AM! 5 21| 5 1 | 8959
AM, 5 21| 5 1 | 7039
AM;} 7 1o 7 0 | 7807
FALO)N(t) = AAG)N (1) = AAD (1) = AAB)(t) = 0 for C(Mszg \ AM').
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Chapter 4

An Improvement to GMD-like
Decoding Algorithms

4.1 Definitions

Suppose a binary (N, K) linear block code C' with minimum weight d,;, is used
for error control over the AWGN channel using BPSK signaling. Each codeword
is transmitted with the same probability. Let » = (ry,rq,... ,ry) be a received
sequence and let z = (z1,2,...,2y) be the binary hard-decision sequence ob-
tained from 7 using the hard-decision function: z; = 1 for r; > 0 and z; = 0 for
r; < 0.

For a positive integer n, let V™ denote the vector space of all binary n-tuples.
For uw = (uy,us,...,uy) € VY the correlation between u and the received
sequence r is given by M(u) = SN 7;(2u;—1). Then M(z) = S°N, |r;| > M(u)
for any w € V. Define D_;(u) = {i : u; # 2, and 1 <i < N} and

Liw) & Y ril=(M(z) = M(u))/2. (4.1)

t€D_1(u)

L(u) is called the correlation discrepancy of u with respect to z. For a subset
U of VN, let L[U] be defined as

vl é{ ming ey L(uw), for U # ¢, (4.2)

for U = ¢.
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It U # ¢, let v[U] denote an N-tuple in U such that L(v[U]) = L[U].
The maximum likelihood decoder decodes the received sequence r into the

optimal codeword ¢, for which
L(cop) = LIC. (43)

If z is a codeword, then z is the optimal codeword. A candidate codeword ¢ is said
to be better (or more likely) than another candidate codeword ¢’ if L(c) < L(¢').
A candidate codeword ¢ is said to be the best if L(e) is the minimum among a
specified set of candidate codewords.

For integers 7 and i’ with 1 < i < ¢ < N, define [i,i] £ {i,i +1,...,4'},
and for u = (uy,ug, ... ,uy) € VY, define p; (u) 2 (wj, Wigy, ... ,uy) and for
u' € VN let dyg;(u,u’) denote the Hamming distance between p;;(u) and
pii(u'). For simplicity, we assume that the bit positions 1,2,..., N are ordered

according to the reliability order given as follows:

|ri| < |rj|, for 1 <i < j <N. (4.4)

4.2 GMD-Like decoding

For nonnegative integers s and t such that s+2t < dpi, and v € V| the decoding
which corrects s erasures in the first s bit positions and ¢ or less errors in the
remaining bit positions of input v is called (s,t)-decoding with respect to v.
Then, the (s,t)-decoding with respect to v outputs a unique codeword, if exists,

in
Re2{xc VN idy,n(z,v) <th (4.5)
R is called the search region of (s,t)-decoding with respect to v. Define
p = (duin +p)/2, (4.6)

where

0, for even dpin,
p= (4.7)

1, for odd dn.
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For v € V¥, a GMD-like decoding with search center v, denoted GMD(v), is
defined as the iterative decoding consisting of p stages whose j-th stage is the
(27 —p — 1, p — j)-decoding with respect to v for 1 < j < p. The original GMD
proposed by Forney [15] is GMD(z). From (4.5), the search region of the j-th
stage, denoted R(v,j), is

R(v,j) ={x € V¥ i dyy; pn(z,v) < p—jh (4.8)

Since the union of search regions from the first stage to the j-th stage, denoted
RP (Iva ])7 iS

J
Ry(v,j) = [ J{® € V" : dupyp (@, v) <p—j'}, (4.9)
i'=1
the region which has not been searched (for candidate codewords) yet up to the
j-th stage of GMD(v), denoted R, (v, j), is given by

Ry(v,j)={x € VN i dyyp ,n(x,v) > p—j for 1 <5 < j}. (4.10)

Define RGMD(U) = R, (v, p), which denotes the region which is not searched for
candidate codewords by GMD(v).

For a positive integer h, h-GMD decoding is defined as an iterative decoding
algorithm which consists of successive GMD(v("), GMD(v®), ..., GMD(v®).
For i > 1, the N-tuple v € V¥ is called the i-th search center of the ~~-GMD
decoding. The first search center v is chosen as the hard-decision sequence z,
ie. v £ 2z For i > 1, the i-th search center v is chosen as the best word in
the region which has not been searched by (i — 1)-GMD decoding, that is,

i1
i"=1
= v[a: S VN . dH’QjI,pVN(JJ,’U(i’)) > p— j,
for1<j <jand 1 <i <i}]. (4.11)
It is shown in [12] that v®) = (v§2), véZ), . ,vg\?)) is given by
Ul(z) _ { 2+ 1, ifl —|—p‘is even and 1 < (I +p)/2 < p, (4.12)
21, otherwise.
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A simple and efficient algorithm for finding v(® has been derived [23]. For 1 < i <

hand 1 < j < p, the j-th stage of the i-th GMD(v®) of h~-GMD decoding is also

called the (7, j)-th stage. Let C](- ) denote the set of candidate codewords obtained

from the (1,1)-th stage to the (4, j)-th stage. If C’](-i) % ¢, let cggst (7) be the best
(4)

candidate codeword in C’J(-i). If C’J(-i) = ¢, for convenience, define ¢, (j) = * and

L(x) = co. Then
L(ef),(4)) = LICY). (4.13)

After the (h, p)-th stage, cg;)st(p) is output as the decoded codeword. If cg;)st(p) =
*, then the decoding fails.

4.3 Early Termination Conditions

To reduce the number of (s,t)-decodings without any loss of error performance,
we introduce new effective sufficient conditions on the optimality of decoded code-
words as early termination conditions. Just after the (i, 7)-th stage, (i, RGMD(u(i’>))ﬁ
R, (v, j), denoted R(i, j), is the region which has not yet been searched for can-
didate codewords. Suppose that cl()igst (7) # *. If there is a better candidate than

cl(fgst( ), then it is in the following region:

) Ounle), (4.14)

(4)
cEC’j

where Oy (c) £ {x € VV: du1n(x, €) > dimin}. Hence, the following condition
Cond(sz) (7) is a sufficient condition on the optimality of c](;gst (7):

Condy(j) : L(eyly (7)) < L | R, )) 0 (1) Ouyle) |- (4.15)
cEC; 2
Since simulation results show that two or more candidate codewords are generated

very rarely by GMD-like decoding, the following simpler condition has almost the

same effectiveness:

Cond$, () : L(et2, (7)) < L [R(i, j) N Oy (e (1))] - (4.16)
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For 1 < [ < 4, the following sufficient condition Condg; on the optimality of
decoded codewords which are independent of search regions have been derived [14,
21, 22].

CondS,l . L(cbest) < L

ﬂ Odmin(c)] ) (4'17)

CEC[

where C; denotes the min{l, |Cj(l)|} best codewords among the candidate code-
words generated up to the current (7,j)-th stage and cpeyy denotes the best in
C;. Condg  is called Taipale-Pursley condition [14]. Cond(si,)1 (7) is stronger than
Conds ;, because R(i,j) is taken into account. As shown in Section 4.4, the
condition Cond(sl’i (7) is more effective than the condition Condsg ;.

For simplicity, the following sufficient conditions on the optimality of decoded
codewords are used as early termination conditions at the (7, j)-th stage of 3-GMD

decoding in the simulation reported in Section 4.4.

(i) i =1:
Cond(slyi(j), and Conds o,

(i) i = 2:
Cond(S%%:L(c]gi)St(j)) > L[R(2,7)], and Conds »,

(iii) 7 = 3:
Condsg ».

The above conditions will be called Condsngw. Simulation results show that

Cond(sl,i(j) and Cond(S%B) are more effective than Condsg ».

4.4 Simulation Results of ~-GMD decoding with
2<h<3

Figures 4.1 to 4.3 show simulation results of block error probabilities for EBCH(64, 24),
EBCH(128, 85) and EBCH(128, 99) with the minimum distance, 16, 14 and 10,
respectively. For comparison, the block error probabilities for bounded distance-
to( éL(dmin —1)/2]) decoding and Chase decoding algorithm IT [19] are shown.
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Tables 4.1 and 4.2 show the following statistics with respect to signal to noise ra-
tios 2.0 E}/Ny and 4.0 E},/N, in dB for EBCH(64, 24), respectively. The number
of trials is 50000. In the first part, the number of trials in which z € C' is shown.
The remaining parts concern those trials in which z ¢ C'. The second part con-
cerns bounded distance-ty decoding with input z, and the numbers of decoding
failures, correct decoding and incorrect decoding are shown, respectively. The
third part shows the numbers of decoding failure, correct decoding and incorrect
decoding, respectively, of 3-GMD decoding. The first subpart shows the occur-
rence number of the event that the first candidate codeword is generated at the
(1,7)-th stage for 1 < j < dyin/2 and 1 < 4 < 3. The second to fourth subparts
show the occurrence number of the event that the best candidate codeword (=
the output of 3-GMD decoding) is generated at the (7, j)-th stage and the num-
bers of cbest(i)(j)’s which satisfy sufficient conditions on the optimality of decoded
codewords Conds ; and Condg ngw, respectively. Condg has effect only for early
stages.

The number of iteration of h~-GMD decoding is at most A(dp, + p)/2. This
number of iteration can be reduced considerably by using Condgxgpw. Define
the rate of reduction as the ratio of the number of iterations of (s,t)-decoding
to 3p. Since sufficient conditions can be used only when at least one candidate
codeword has been generated, rates purp and uxgw are the averages of reduction
rates by using Condg; and Condg ngw, respectively, as early termination con-
ditions over all the trials where at least one candidate codeword is generated.
Tables 4.3 lists urp and puxpw in percentage for EBCH(64, 24), EBCH(64, 45),
EBCH(128, 78), EBCH(128, 85) and EBCH(128, 99) with respect to signal to
noise ratios 2.0E,/Ny and 4.0E},/Nj.

4.5 Conclusion

We have introduced “multiple GMD decoding” for binary linear block codes. For
extended BCH codes, simulation results show that the new approach provides
better error performance than that of the original GMD decoding by adding two
GMD-like decoding around two appropriately chosen centers to the original GMD

decoding with relative small increment of iteration number.
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Table 4.1. EBCH(64, 24) at E,/N, = 2.0 dB

zeC 4
bounded distance- | (dpin — 1)/2] decoding failure 33610
decoding correct decoding 16373
incorrect decoding 17

3-GMD decoding decoding failure 24104
correct decoding 25774

incorrect decoding 122

i\J 1 2 3 4 5 6 7 8

the occurance of 1] 19698 | 1481 | 882 | 485 | 292 | 140 38 9
the first candidate 2| 1167 | 189 | 85| 61 | 44| 21 8 2
codeword 3 939 138 82 57 34 29 10 1
the occurance of 1] 19690 | 1482 | 882 | 486 | 292 | 141 38 9
the best candidate 2| 1166 | 189 | 85| 61 | 44| 21 8 3
codeword 3 944 | 138 | 82| 57| 34| 29 10 1
the number of codewords cggst (7) 1| 8800 | 135 | 57| 22 7 2 0 0
which satisfy Condg ; 2 0 0 0 0 0 0 0 0
the number of codewords ¢! (5) 1| 8800 | 361|253 |231[267]302| 269] 162
which satisfy Condg new 2 47 9 3 2 0 0 1 1
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Table 4.2. EBCH(64, 24) at E,/N, = 4.0 dB

zeC 192

bounded distance-| (dmin — 1)/2] decoding failure 8704

decoding correct decoding 41293

incorrect decoding 3

3-GMD decoding decoding failure 2780

correct decoding 47208

incorrect decoding 12

i\J 1 2 3 4 5 6 7 8

the occurance of 1] 43599 | 1068 | 622 | 391 | 227 | 110 45 13
the first candidate 2 366 73 32| 40| 17| 11
codeword 3 276 51 28 | 25 71 10

the occurance of 1| 43595 | 1067 | 623 | 392 | 227 | 111 45 13

the best candidate 2 368 73 32| 40| 17| 11 2

codeword 3 275 51| 28| 25 7T 11 2
the number of codewords ¢\ (j)| 137162 | 318123 | 35| 13| 1
which satisfy Conds 1 2 0 0 0 0 0 0

the number of codewords cggst(j) 137162 | 653 | 400 | 342 | 389 | 426 314 186

which satisfy Condg new 2 88 9 4 4 2 4 1 0

Table 4.3. The average number of iteration (%) of 3-GMD

Code Ey/Nog = 2.0dB | E,/Ny = 4.0dB

HTp HUNEW HTp HUNEW
EBCH(64, 24) | 66.7% | 61.6% | 23.6% | 19.8%
EBCH(64, 45) | 65.0% | 59.1% | 17.8% | 15.0%
EBCH(128, 78) | 78.8% | 73.2% | 21.6% | 18.6%
EBCH(128, 85) | 78.4% | 74.3% | 21.1% | 18.1%
EBCH(128, 99) | 82.2% | 78.3% | 24.8% | 20.9%
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Chapter 5

An Improvement to Chase-like

Decoding Algorithm

5.1 Definitions

Suppose a binary linear (N, K, d,in) block code C' is used for error control over
the AWGN channel using BPSK signaling. Each codeword is transmitted with
the same probability. For a positive integer n, let V™ denote the vector space
of all binary n-tuples. Let » = (ry,79,...,7y) be a received sequence and let
z = (z1,22,...,2n) be the hard-decision sequence from 7 by using hard-decision
function, z; = 1 for r; > 0,2; = 0 for r; < 0. For simplicity, we assume that the
bit positions 1,2,..., N are ordered according to the reliability order given as
|ri| < |ryl, for 1 < i < j < N. For u = (uy,ug,... ,uy) € VY, the correlation
between u and the received sequence r is given by M(u) = SV r;(2u;—1). Then,
M(z) = SN |ri| > M(u) for any w € VN. For u € V¥, define D_;(u) ={i :
u; # z;, and 1 < i < N} and

Liw) = ) |ril=(M(2) = M(w))/2.

iGDfl(’u,)

L(u) is called the correlation discrepancy of w with respect to z. For U C V'V,
let L[U] be defined as

~ | mingey L(uw), for U # 0,
00, for U = 0.
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The maximum likelihood decoder outputs the optimal codeword ¢,y which
L(copt) = L[C]

from the received sequence r. A codeword c is said to be better than another
codeword ¢ if L(e) < L(c'). For a nonempty subset U C V¥ a codeword ¢ is said
to be the best in U if L(¢) = L[U]. For U # ¢, let v[U] denote a binary N-tuple in
U such that L(v[U]) = L[U]. For integers i and j such that 1 <1i < j < N, define
[i,j] ={i,i+1,...,j}. For w = (u1,us, ... ,uy) and v = (vy, v, ... ,05) € VN,
define dpj; j(u,v) é|{/{: € [i,5] : ur # vp}| and for a nonnegative integer t,
O(v,t) ={u € VN 1 dy n(u,v) <t} and O(v,t) VN \ O(v,1).

For a nonnegative integer [ = "I 5,2/~ with b; € {0,1}, define b(1) =(by, by, . ..

For 0 < I < 2V, define E; ={b(i) : 0 < i < 1}. For a positive integer [ less than
N —ty+1, a Chase-like decoding algorithm, denoted Chase(l), is defined as an it-
erative decoding algorithm which performs bounded distance-ty decoding around
z + b(i) for 0 < i < [. The original Chase decoding algorithm IT introduced by
Chase [24] is Chase(2l%min/2]),

5.2 Decoding algorithm

If z € C, then L(z) = L[C], that is, z is the optimal decoded codeword. Assume
that z &€ C.

For v € V¥, the bounded distance-t, decoding around the vector v, denoted
BDD(v), outputs a unique codeword in O(v, ty), if it exists.

In this paper, we consider the following iterative decoding algorithm. For
a positive integer h, a nonnegative integer t and v® € VN with 1 < ¢ < h,
(h,t)-IBDD decoding is defined as an iterative decoding algorithm which consists
of successive BDD(v™"), BDD(v®),... ,.BDD(v™), where v¥ is called the i-th
search center of the (h,t)-IBDD decoding. Define R(7) 2 Ui<ir<i O(v(i’), to) as the
region which has been searched up to the i-th stage of (h,t)-IBDD decoding and
R(i) =VN\ R(i).

We adopt the following choice of search centers, called Selection(t). The first

search center v(") is z. For i > 1, search center v is chosen as
'U(z) = ’U[mlgilgiflo('v(i ), t)]
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If t = to, then v = v[R(i — 1)].

Let C(i) denote the set of candidate codewords obtained from the first stage
to the i-th stage. If C(i) # 0, let cpest(Z) be the best codeword in C(i). If
C(i) = 0, define epest(7) Zx and L(x) = co. Then L(epest(i)) = L[C(7)]. After
the h-th stage, cpesi(h) is output as the decoded codeword. If epesi(h) = *, then
the decoding fails.

5.3 Early termination conditions

To reduce the number of bounded distance-t, decodings in (h,t)-IBDD without
any degradation of error performance, we present new effective sufficient condi-
tions on the optimality of decoded codewords as early termination conditions.
Suppose that Cpes(i) # *. If there is a better codeword than €pe (i), it is in the
following region: R(i) N Necc O(e, din — 1). The following condition Condg(i)

is a sufficient condition on the optimality of €pest(7),

Condys(i) : L(€pest (i) < LIR(3) ﬂ O(€, dmin — 1))

For 1 < [ < 4, the following sufficient condition Condg; on the optimality of

decoded codewords which are independent of search regions have been derived.
CondS,l . L(cbest(i)) S L [ﬂceClO_(c, dmin - 1)] )

where C) denotes the min{l, |C'(i)|} best codewords among the candidate code-
words generated up to the current i-th stage. Condg; is Taipale-Pursley condi-
tion [12], denoted Condyp. Condg(i) is stronger than Condg;, because R(i) is

taken into account. Condg(i) is denoted Condxgw-

5.4 Simulation results

By simulation, we have evaluated the effectiveness of the choice of parameter
t in Selection(t) with 1 < ¢ < ¢, for several BCH codes [31]. For t = to,
v® is the best in the region which was not searched before the i-th stage of
(h,to)-IBDD decoding. From this fact, t, was thought to be a reasonable choice.
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The simulation results show, however, that it is better to choose t somewhat
smaller than t5. Figures 5.1, 5.2 and 5.3 show simulation results of block error
probabilities of (h,t)-IDD with properly chosen parameter ¢ for BCH(63, 30, 13)
code, BCH(63, 45, 7) code and BCH(127, 92, 11), respectively. For comparison,
the block error probabilities for bounded distance-t, decoding and Chase(h) are
shown.

The reduction rate of (h,t)-IBDD is defined as 1 — (v/h), where v is the
number of iterations of bounded distance-tq decoding. Since sufficient conditions
can be used only when at least one candidate codeword has been generated,
rates prp and pngpw denote the averages of reduction rates by using Condrp and
Condygw, respectively, as early termination conditions over all the trials where
at least one candidate codeword is generated. Figures 5.4, 5.5, 5.6 and 5.7 show
simulation results of the average of reduction rates of (32,4)-IBDD decoding
for BCH(63, 30, 13), BCH(63, 45, 7), BCH(127, 85, 13) and BCH(127, 92, 11).
To compute search centers v and the right-hand side of Condg(4), an integer

programming approach [18] is adopted and Ip_solve 3.0 is tentatively used.
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Block error probability
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Figure 5.1. Block error probability for BCH(63, 30, 13)
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Block error probability
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Figure 5.2. Block error probability for BCH(63, 45, 7)
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Reduction rate

Figure 5.5. Reduction rate of (32,2)-IBDD decoding for BCH(63, 45, 7)
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Chapter 6
Conclusion

In this thesis, first, we have presented a formula for an effective method which
gives the number of minimum weight codewords in a (2™, 3"7_; (') — AK) linear
subcode C' of RM, ,, code which is spanned by monomials with m variables of
degree 7 or less over GF(2) for AK < 3. Next, we have shown in Theorem 1 how
to delete A K monomials in order to obtain the subcode with the smallest number
of codewords of the minimum weight for rAK < m. In Example 1, we have shown
the numbers of minimum weight codewords of all such (64, 40) subcodes of RM3 4
and those error probabilities of soft-decision maximum likelihood decoding by
simulation.

Second, we have studied a class of linear block codes which are transitive in-
variant. A condition for a code to be transitive invariant has been proved. We
have shown that transitive invariant block codes have a uniform structure. This
structure is advantageous for implementation of the RMLD algorithm based on a
binary uniform sectionalization. We have shown that the binary sectionalization
results in almost the same computational complexity as an optimum sectional-
ization for many transitive invariant example codes.

Third, we have introduced “multiple GMD decoding” for binary linear block
codes. For extended BCH codes, simulation results show that the new approach
provides better error performance than that of the original GMD decoding by
adding two GMD-like decodings around two appropriately chosen centers to the
original GMD decoding with a relatively small increment of iteration number.

Finally, we have presented a new method of choosing a sequence of search
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centers around which successive bounded distance-t, decodings are carried out.
For BCH codes, simulation results show that the new approach provides better
error performance than that of Chase-like decoding which consists of the same
number of bounded distance-tq decodings. To reduce the number of iterations of
bounded distance decoding algorithm without any loss of error performance, we
show new effective sufficient conditions on the optimality of decoded codewords

as early termination conditions.
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Appendix

A Formula for Evaluation N3

In this Appendix, we consider the evaluation of Ny3 in a somewhat general
framework. In the evaluation of N3, the following By, By, Dy, D and Dy rep-
10w mort A A A and A
{0,1,2}, let Dy be a binary w;, x [ matrix where w;, > 0 and [ > 0, and for

resent A respectively. For h €

M1x0,70117 ©~-1100,7011 7 “~1101,71011 T110,1011)

i € {1,2}, let B; denote the binary (wy + w;) X | matrix whose submatrix con-
sisting of the first wy rows is Dy and whose submatrix consisting of the last w;
rows is D;, that is,

A {Do

B; = DZ}, for i € {1,2}. (A-1)

We consider the following condition:
rank(B;) = [, for i € {1,2}, (A-2)

that is, the [ columns of B; are linearly independent.
The following conditions is necessary for the condition (A-2). Hereafter, we

assume it.
wo + min {wy, we} > 1. (A-3)

For the evaluation of Nag, wy, wy, wy and [ represent |niool, |n101], [2110] and |no11,
respectively, and since |nigo| + |n101| = |10 = |R014| and |[n100] +|110] = [P140] =
|no«1| as shown in Section 2.3, |nigo| + min{|nio1|, [7110|} > |n011|, that is (A-3)
holds.

For 1 < j <1, let ¢p,(j) denote the number of linearly independent columns
in the first j columns of Dy. Define App,(j) Z=¢p,(j) — ¢, (j —1) for 1 < j <1,
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and ¢p,(0) =0. Since 0 < App,(j) < 1 for 1 < j <1 and ¢p, () < min {wy, 1},
Aep, =(App, (1), App,(2), ..., App, (1)) is a binary I-tuple of weight min {wy, [}
or less.

Conversely, for a binary [-tuple v = (v, v, ... ,v;) of weight min{w,{} or

less, define ¢,(j) for 0 < j <[ recursively as follows:
®,(0) = 0, (A-4)
Po(j) = du(j —1)+ ;. (A-5)

Let Vul,0 denote {'v € V. the weight of v < wg} where V! denotes the set of bi-

nary [-tuples. Then, the following lemma is a direct consequence of the definition

of ¥Do-

Lemma 4 For v € Vul,o, the number of binary wg x [ matrices Dy’s such that

©p, = P 1s given by

[T e, (26)

where
o f2me = 2% 6, (5) > (- 1), (A-7)
No(7) =9 auiion) o ,
PASIS I if () = P4 — 1). (A-8)
AN

Next, we consider the condition on D; with ¢ € {1,2} that rank(B;) = [ for a
given Dy. For 1 < j <l and h € {0,1,2}, let dj, ; denote the j-th column of D,
and for ¢ € {1, 2}, let b; ; denote the j-th column of B;. For 1 < j <, there are

two cases:

1. ©py(j) > ¢p,(J —1): Then, do; is linearly independent of do 1, ... , do 1,
and therefore, for any d; ;, b; ; is linearly independent of b; ;,... ,b; ;.
2. ¢py(j) = ¢po(j —1): Then, there is a binary (j — 1)-tuple (¢1,¢,... ,¢j-1)
such that
j—1
dO,j = Z Csdo,s- (A' 9)
s=1



Let I'; denote the set of all binary (j—1)-tuples (¢, ¢s,. .., ¢j—1)’s for which (A-9)
holds. Then,

IT;| = 2771 7#pal=h), (A-10)

For B; to satisfy (A-2), the following inequality must hold for any j such that
@Do(j) = @Do(j - 1):

71—1
diJ' 7£ chdiys,for (Cl,Cz,... ;Cj—l) € Fj. (A].].)

s=1

Conversely suppose that for any 5’ such that 1 < j' < j and ¢p,(j') = ¢p,(j'—1),

=1
di,j’ 7£ Z Csdi,s, for (Cl, Coy... 7Cj’—1) € F]’ (A ]_2)
s=1
Then, b;1,b;2,...,b;j_1 are linearly independent. Since (A-9) holds for any
(c1,¢2,...,cj-1) € 'y, we see that for different (c1, ¢, ... ,¢j_1) and (¢}, ¢, ..., ¢j_))
in Fj,
7j—1 7j—1
Csdi,s 7& C;di7s, (A ]_3)
s=1 s=1
that is,
j—1
H csdis i (c1,¢0y...,¢j21) € Fj}‘ = || = 2771 7#pol=1), (A-14)
s=1

In order that (A-11) holds, the following inequality must hold from (A-10):
w; >j—1—¢p,(j—1). (A-15)

Suppose that (A-15) holds for any j such that 1 < j <l and ¢p,(j) = ¢p,(j—1).
Then, for such j, d;; satisfying (A-11) can be chosen. Summarizing the above

argument, we have the following lemma:

Lemma 5 For a given Dy, there are binary wy; X [ matrix D; and w; X [ matrix
D, for which (A-2) holds, if and only if for any j such that 1 < 57 < [ and

60



©no(j) = ¢y (7 —1), (A-15) holds for 7 € {0,1}. If this condition holds, then the
number of pairs of matrices Dy and D, satisfying (A-2) is given as follows:
!
[I MGV 0G) (A-16)
j=1
where for i € {0,1},

N’(]) 2 2wi, if (»ODo(j) > @Do(j - 1)7 (A 17)
v Wi _ 2]'—1—(;700(]'—1), if (pDo(j) = b, (j _ 1)'

Since py(7) = po(j — 1) is D or 1for 1< j < 1, j— 1 ppy(j — 1) is
monotonously nondecreasing as j increases. If p (7) > ¢p,(7 — 1) for all j less
than [, then ¢p,(l — 1) =1 — 1. Hence, (A-15) can be replaced by

©p,(I —1) >1—1 — min {wy, ws}.

(A-19)
Define

Wo,W1,W2 -

{v € V' the weight of v < w,

the weight of the first to the (I — 1)-th component

> — min{wy,wy}}.  (A-20)
From (A-3), VJ,mwl,wZ is not empty. Then, for a given D,, there are D, and D,
satisfying (A-2), if and only if

Dy € Voo 0100 (A-21)
From the definition (A-20), we have that

wo—1

Vool =2 X (l_-1> +6<l_1>, (A-22)
t=l—min{wi,w2} v Wo

where if wy + min{w;,wy} =1, ¢ = 1 and otherwise, ¢ = 0.

The number of matrices Dy, D; and D, satisfying (A-2) is obtained by mul-
tiplying (A-6), (A-16) and (A-22). By substituting |niol, |n101], [7110] and |no1 |
for wo, wy, wy and [, respectively, Ny is derived.
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