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Output Regulation of Nonminimum Phase

Nonlinear Systems*

Norio Onishi

Abstract

The purpose of output regulation is to control a system in order to attain
asymptotic tracking and/or disturbance rejection for the signal generated by an
exosystem. Finding such a controller is a central problem in control theory.
In this thesis, we consider the problem of output regulation of nonminimum
phase nonlinear systems. For this problem, we propose two methods; one using a
transformation of the plant into a singularly perturbed system and the other using
an extended backstepping method. Both methods accomplish output regulation
by using dynamics restricted on a certain manifold.

When both the input and the initial state are chosen in such a way as to
constrain the output of the system to remain identically zero, the internal state
behavior of the system is called the zero dynamics of the system. A system is
said to be minimum phase if the zero dynamics have an asymptotically stable
equilibrium point in the domain of interest. Otherwise, the system is said to be
nonminimum phase. If the plant is a minimum phase system, output regulation
is achieved by applying the input-output linearization method known as a typical
nonlinear control method. However, for a plant that is nonminimum phase, we
cannot apply the input-output linearization method, because the stability of the

whole system cannot be guaranteed due to the zero dynamics. We also cannot

*Doctor’s Thesis, Department of Information Systems, Graduate School of Information Sci-
ence, Nara Institute of Science and Technology, NAIST-IS-DT9961201, February 5, 2002.
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apply the input-output linearization method to a plant where the relative degree
is not well-defined, because the control input by the input-output linearization
method tends to infinity at a point where there is no relative degree. We deal with
the system that fails to have a relative degree as a nonminimum phase nonlinear
system.

In this thesis, first, we consider the problem of output regulation of a multi-
input multi-output nonlinear system for which relative degree is not well-defined.
This problem is solved by transforming formally the plant into a singularly per-
turbed system and constructing a composite control law. The first part of the
control law stabilizes the fast dynamics of the singularly perturbed system, and
the second part makes the plant output track the reference trajectory generated
by an exosystem on the invariant manifold created by the first part. This method
is applied to the ball and plate system where the relative degree is not defined at
the equilibrium, and compared to usual methods based on approximation. Next,
for a single-input single-output nonlinear system that may not be minimum phase,
we solve the problem of global output regulation. A method that is a kind of ex-
tended backstepping is proposed to construct a series of invariant manifolds that
make the plant state tend to the zero error manifold. Under the linear growth
condition, global output regulation is achieved by means of a variable-gain state
feedback law to the system that is obtained by transformations using the set of
invariant manifolds. We demonstrate the effectiveness of this method through a

numerical simulation for a nonminimum phase nonlinear system.

Keywords:

nonlinear control, output regulation, input-output linearization, nonminimum

phase system, singularly perturbed system, backstepping
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0000000000 0c(@) =1, cyp(z) =00000000¢G() = Lyih(z)
D0000000000000 ¢G(z) 000000000000 (4.12), (4.13),
(4.14)00000¢(x) = Lih(z) 000 ((x)000000000000000
000000000

000000000000000

Oy iz — (§,m) (4.16)
¢ =col(¢',....&M (4.17)
=, &), (i=1,...,m) (4.18)
&=L hi(x), (i=1,...,m; k=1,....p) (4.19)
&=L Gw), (=1, k=pi+1,..., R,) (4.20)
=) (4.21)

O0000p0000n(0)=000000000000000000000 {Ry,...,
R,}00000O00ODODOOOO

(dL5h:)(0), (i=1,...,m; k=0,..., R —1) (4.22)

0000000000015 0000000hpeR~ 200000000000
oooboo o, 0bobbooboobuobobobooboobooboonbon
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4. JOogbooboooooo

gbobooboboobooboboboboobobbob ;000000
gbobooooooon
0000 ¢, 000000000 41)ODOOoooooooooooo

( .
v = &
& =&

7 7

pi—1 7 Sp;

&, = kb (&m) + ) NI(E )y

j=1

y ; AN (1=1,...,m) (4.23)
pitl = Spi2 T Z )‘pji+1(§a n)u;
j=1

Erior = &k, + DA (6,
j=1

€ = K (&) + DXL (&

\ J=1
( i
Yi = 51
& =&

(i=m+1,...,m) (4.24)

S _ i
pi—1 Pi
m

&= kb (&m)+ Y NI (E )y

\ J=1

n=ry(§n) + A (&, nu (4.25)

00 41000 (4.12)000X, (6,7 000 N(&,n) 000000000000
noooo

A (&) - AR(E )
Dy (&,m) = : - : (4.26)
Ao (&m) oo ART(E M)
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43. 0DOOOOOoOoOO

00000000000000000 ¢ 0000000000 ¢G(x 0000
0000000000000000000 (4.23), (4.24), (4250000000
0000000000000000000000000000000000000
00000000000000000000000000000
00000000000000000000

0042 i=1,....m,j=1,....m k=p+1,....,R,—1 00000

M (€m) =0 (4.27)
0ooooo I

00000000000 ¢G(x)00000000000000000000000
00 ¢(x) 0000000000 420000000000000000000
000000000000000000000000000000000000
000000000000000000000000000000000000
000000000000000000000000000000000000
0000000000000000000000000000000000000
000000

00000000 (4.23), (424), (425 00000000000000000
000 {p1,...,pn} 00000000000 {Ry,...,R,} 000000000
0ooo

0043 i=1,....m,j=1,...m00000
pi(Ri—pi—1) <R —1 (4.28)
ogoooon |

00000000 R,O000000 p,00000001000000 4.2,4.30
000000000000000000000000 43000000R;—p; <2
00 pp=--=p, 0000000000

0000000000000

t =t (4.29)
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4. JOogbooboooooo

bbb~y 0b00O00o0bboooobbobbooobbuooobbooob
gbobooogobboooobbbooooboo

Dy : (&,m) — (X, 2) (4.30)
X =col(X',...,X™ n) (4.31)
X' =(Xi,....xX.)" (i=1,...,m) (4.32)
X = viil’ (i=1,....m; k=1,...,p) (4.33)
Z =col(Z,...,Z™) (4.34)
Z'=(Zy,.... Zyp_,)", (i=1,...,m) (4.35)
Z@m:§FT%:rﬂ,@zlwwnuk:m+L“wR0 (4.36)
0000q0O
q>pi, (i=1,...,m) (4.37)
qRi—pi—1)<Ri—1, (i=1,...,m) (4.38)

000000000000 4300000000 ¢00000000000000
(4.37)000(4.33) 0000 0000 (0000000000 (4.37), (4.38)0
00(4.36) 0000 y0000000000000¢O0000000(4.29), (4.30)
000000000 (4.23), (4.24), (425)00000000000000000
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gbobouoooon

p

4.3.

gooboooon

= X{
dXi
a7
x Gi=1,...,m) (4.39)
7 — XZ
dt’
dxi, m
= (X, Z, )+ > NI(X, Z,e€)
\ J=1
caz
“a =7
dZ}i%i—Pi—l __ 7l (Z = 17 ) m) (440)
€ dt — “Ri—pi
iz, m
— =R (X, Z,e) Z (X, Z, e)u
\ j=1
dn -
pri Ry(X, Z,€) + M\(X, Z, €)u (4.41)
goog
—i 1 i .
ﬁpi(X7 Z7 6) = ?K’ (5’ n)|col(§,n)=<1>;1(X,Z)7 (Z = ]‘7 te 7m) (442)
S‘Z(Xv Z? 6) )‘U (€ 77)|col§n) ;N (X,2Z) (2 = 17"'7m) (4'43)
Rj’%i (X, Z,¢) = ’Vq(Riipi)iRi ’%3%1- (&, 77)|col(§ n)=®;"'(X,2) (1=1,...,m) 4.44)
j‘gz(Xv Zv 6) - (RZ pi)= RZ}‘U (é 77)|col(§ =05 "1(X,2) (Z L '7m) (4'45)
_ 1
KJU(Xv Z? 6) = §I{77(§’ n)|col(§,n):<1>;1(X,Z) (446)
S‘W(Xa Z,€) = _)‘n(fa77)|c01(§,n):<1>;1(x,z) (4.47)

gbobodbobbbebdooobbbbdododyU0 edbboooon

gbobooogn

(4.48)

21



4. JOogbooboooooo

(4.42), (4.43), (4.44), (4.45), (4.46), (447)00000~0 ¢0O00000000
00000(448)000000000 ¢000000000000000000
0000 (442), (443)00000000 0000 ¢00000000000
0000000e000000000000000000 (4.39), (4.40), (4.41)0
00000000 XO0O0O0O0OO0000000000 20000000000
00000000000000 (48)000000 (429)0000000000
000000000000

dw  s(w)
at v

= s'(w) (4.49)

0000000000 0O0O0O0O00000M448)000000e0 yODOD
gbboooobudidebboodbbbodb e—=000000000~ 0
gbbooobbboggooooobuodb vO0 eb0oobbOooonbOy
000000000000 000O0OODOOOOO0O0O0O 448)0000O0OO

4.4 ODO00OO0OOOOOODOO

00000430000000000000000000000000000
00000000000000000000000000000000 Z0O0O
000000000000ZO00000000000000000000000
00000000000 X00OO0O00000000000000000000
0000 50000

00000 (4.39), (4.40), (441)000000000000000

dX

% = fX(X, Z, 6) —|—gX(X, Z, E)U
dz

6% = fZ(X, Z, 6) —|—gZ(X, Z, €)u

gooooobobbobobbbobobbbobobboboboooooooouoooanon
O0b0 Z0O XOoOOOooOoooobooooboobooboobbobooooo

(4.50)

uw=1usp(X,Z € +un(X,Z, eu, (4.51)
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44, 0DOOOOOO0OODDOOO

€ = const.

0 5 Manifold of singularly perturbed system

00000ZO00O000OO00000 Z00O00O0O0O0O000000000u, =
(U1, usn)T € R" 00000000000 0us(X,Ze€), upn(X,Z,€ 000
0000000

Ufo(X, Z, 6) =
up (X, Z,€) =

23



4. JOogbooboooooo

0ooo
ML(X,Ze) - MNM(X, Z,€)
Dy(X,Z,€) = : : (4.54)
NEL(X.Z,e) oo MY, Z,e)
F(X,Z,€)=(F\(X,Z,¢),...,F.(X,Z, )" (4.55)
Fi(X, Z,¢) = =R (X, Z.€) = ay 2} — -+ = O _py 1 Dy
(i=1,...,1m) (4.56)
Fi(X,Z,6)=0, (i=m+1,...,m) (4.57)

goooog oz; (j=0,....R,—p;,—1) 000000000 HuwitzOO OO

00000000
gRi—pi 4 aé{i—pi—lsRi_pi_l I ag (4.58)

(445)00000000 y0O0OD0ODO ¢gOODOOOODOOOOO

AR (0,0,€) -+ AE™(0,0,€)
Ds(0,0,¢) = : : (4.59)
j\gi(ov(Le) e 5\7%?(07076)

00000000000 0DOOO0ODOOODOOO0ODs(X,Z,e) 00000
0000000000000 00000 451)0y000000O00ODODOOOO
gbobooogooood

00000000 4.51)0000000000 450)000D0DO0OO0000

dX -
W = fX(X, Z, 6) —+ gX(Xa Z, €)u3

" (4.60)
6% = AZZ —+ Bzus
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44, 0DOOOOOO0OODDOOO

0ooo
Ix(X,Z,6) = fx(X, Z,€) + gx (X, Z, e)uso(X, Z, €) (4.61)
Ix (X, Z,€) = gx(X, Z,€)usp (X, Z, €) (4.62)
Ay = diag{A},,..., A7} (4.63)
0o 1 0 0
o 0 1 0

A= : S : , (i=1,...,m) (4.64)
o 0 0 - 1
—ah —ai —ah - —ah
bl 010 0

By=| : . i o (4.65)
0 - 2|0 -~ 0

v, =(0,...,0, )T e R+ (i=1,...,m) (4.66)

000000000 (460)00u,=00000 (X,2)=(0,000000000
000
0000000 u, O

us = ug( X, w, €) (4.67)

O0o00booboobod0 XbhwOOoooobdbhuw, O ZOOOOOOoOOoOoO
obobodzZzoboobooobooboob

M=A(X,Z,w,e): Z =n(X,w,e€)} (4.68)
goooooooooo

(X, w, €) = col(m'(X,w, e€),..., (X, w,e)) (4.69)
(X, w,e) = (m)(X,w,€), ..., 7 _,,(X,w, )", (i=1,...,m) (4.70)

000000 uw(X,w,e) DOOODDOOOOOODOOOUODOOOOOODOOO
gbobbdddilebbbUoooobbboooobbbuoooobbbooon
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4. JOogbooboooooo

O0000000OMOO00D0D0D00000D0D u(X,w,e)DODODODOOOO
gooo
o0omMmMO000O0O0OO0ODODOOOOOOOobDoOooDOoo

Azm(X,w,€) + Bzus(X,w,€) = e{g—;{fX(X,W(X,w,e), €)

0
+ (X, m(X, 0, €), (X, w, ) + a—”s'(wﬂ (1)
w
0o00do0dodibdle=0000000ogoooboogoouooon
(X, w,0) = —A,' Byu,(X,w,0) (4.72)

00 A, 00000000000000000O00Db0OU0OOO0bDOoObOoOLDO
oo mMOOOODOOoOoOOoOOOoOooOOobOoOOoOoLoXxoooboooobooooo
00 uws(X,w,e) 00000000 DOO0Z000000000CO0O0OODOODOO
0000000 u(X,w,e) DOOODODOOO MOO

‘Z];%Z:HiEZ‘, (i=1,...,m) (4.73)
E'=(Ej,....E)", (i=1,...,m) (4.74)
Ei=Xi— LK (w), Gi=1,....m; k=1,...,p) (4.75)
o 1 0 0
o 0 1 0
H; = , (i=1,...,m) (4.76)
o 0 0 - 1
By =B =B o =B

000000 FiOOD0O0D0O0D0000000y0 yoO0OOOO0OOoooooo
gboboogooboooooooo

Spi_i_ﬁ;iilspi*l_'_..._'_ﬁé (4.77)
O HowitzOOOOOOOOOOOOOOOOOOOOOOOOoooooo

R (X, (X we) )+ YN (X, (X, w, ), €)ugy (X, w, €) — LEi5;(w)

j=1

+ 8 (XD — LT (w) + -+ (X = 6i(w)) =0, (i=1,...,m) (4.78)
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44. O00000OODOOOOOO
00 44 000000 (4.71),(478)00000¢000000000 n(X,w, e),
us(X,w,e) 0O DODODODO |

oo mMMObOOooobobOobOobOobOoboboboooooooMm b
Oo000oooooo MOOOOO

00 45 (0000000000000 0O0) DOODDOOOOOODOOO M=
{(X, Z,w,e): X =7(w,e); Z=n(X,w,e)} 000000

O 5 (w) = Fx (7l ), w7, ), w, )¢
+ gx (T(w, €), m(7(w, €), w, €), €)us(T(w, €), w, €) (4.79)
0 =71 (w, €) = &(w) (4.80)
0ooO
7(w, €) = col(7' (w,€), ..., 7" (w,€), 7y(w, €)) (4.81)
'(w,e) = (7 (w,e), ..., 7 (w,e)", (i=1,...,m) (4.82)
0000 |

000000000000000000000000000000000000
000000000000000000000000000000# (w,e) =
L7w) (i=1,...,m,j=1,....,p) 0000
D00 MODO0OOODOOOOOODOOOOODOOOOOO
dE"

— = H:E', (i=1,...,m) (4.83)
dafln = p(E,w,e¢) (4.84)
% = s'(w) (4.85)
gaad
E=col(E',...,E™ E,) (4.86)
E,=n—m,(w,e€) (4.87)



4. JOogbooboooooo

0000000 MOO00 E(i=1,...,m)00000000000wO0000
0 Poisson 0000000000E =0(i=1,...,m),w=000000000
0000000000000000
dE,
dt
00 46 (M OO000000000000) 0<e<¢ (q >4900000
(4.88)0 E, 00000000000 |

=p(0,...,0,E,,0,¢) :==p'(E,,¢€) (4.88)

Ododoooouooooboobnoo<e<qgUOUOoOOoobDOUt wOOO
Ei(’izl,...,m)DDDDDEnDDDDDDDDDDD
0000000000000 000000000Ez =2 —7n(X,w,e) 000
gddoduoouooooooooon
e%:AZZ—I—BZUS(X,w,e)—e{g—;{fX(X,Z,e)
or ,

+ gx (X, Z, €)us (X, w,€)} + %s (w)] (4.89)

EF,=00000 TaylorUO O ODOOOOODOOO
dEZ or 0 =
= AzE; — e——{fx(X,Z
€ dt/ Z Z eaXaz{fX( 9 76)

+ 9x (X, Z, €)us(X,w, )} z=n(xwe)Ez + O(EZ?) (4.90)

Oooobouodbl e X,wOOOoOLOUOE, J00D0OO0ODOOODODOE, OO0
gboboooobon

00 4.7 e=00000000 X,wUOOODDOE, 000DOOOOO
HEN 1

O00ed yO0O0O0ODODODODOOOODODO470Db0OD0ODOOODOD
gdbbb0ed v 000DOO0O0O0O0O0O0O0OOODODOOOOO0O0O0O0O0O0OO
gbobooogobbog 470gobobooobbobboooon

00 4.1 00 4.1,4.2,4.3,44,45,46,4700000000000000 w(0),
E(0), Ez(0) 0000000000000 (451)00000000000000
00000000000000000
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45. «0000O0O0O0O0OODOO

00 OOO0O00E E,0000000000000000000000000
000000000000000000000000000000000000
00000000000000000 w(0), E(0), E-(0) J0000E, E, 00
000000000000000000000000000000004

4.5 «JUOO0OOOOOOOO

0000000000000000000000000000 (4.71), (4.78) 0
0 m(X,w,e), us(X,w,e) 000 000000000000000000000
000000000000000000000000000000000000
e0000 Taylr 0000000000000 O0O0O

Taylor 000 000000EY0 0 A00000000000000O0O

™ (X, w, €) = ZF[r(X, w, €)] (4.91)
uF (X, w, €) = EFuy (X, w, €)] (4.92)

000000007 '=0,v;'!=000000000 (4.71), (4.78)00000
O00k=0,1,.. 000000000000000

o k-1
Ay (X, w, €) + Byuf (X, w, €) = e - EF1 { gX {fx (X, 7" N X, w,€),e€)
aﬂ,k—l
(X (X, Ot (X, )+ O s'<w>] (4.93)
w

NE

=k [R;‘,i (X, 78(X, w, €),€)] + E’;[x;‘,{ (X, 78(X, w, ), e)u’;j(X, w, )] — L2, (w)

1

k=00000(4.93), (4949 0000000000+% 00000000000
000O0x! ' 000000000000000000(4.93)0 7000
0000000000000 (4949)0000000000000000 %, 0
00000000000000 «000000000000000000000
00000 «000000000000 [31,39)0e00000000000e0
0002 3000000000000000000000000000
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4. JOogbooboooooo

gbbuboodgbobodgbbodbb e0bogoboobobobbaon
Uoblb o 0000000 yoOODODOOOOO00oooobooboooagno
god

Yyi(w) = col(§(w), Lyd(w), . .., L:5(w)) (4.95)
O000kr=000000000000
(X, Yoo, (W), €), ul(X, Ya,,, (w),€) (4.96)
gddoououooououoooooo
Py = Max p; (4.97)
Oo00o0o0oddksk—1000000
T X, Yapyk1(w), €), ul ™ (X, Yo 4n-1(w),€) (4.98)

0000000000000 0000000000@4.93) 00000 wDOhOOO
ooobo0o L, 0oooooogd

aﬂ_kfl

Lt = 5t (0 1) Vi (4.99)
0000kO000000
(X, Yappran(w), €), ug(X, Yo n(w), €) (4.100)
0000000000000000
Y = col(ya Gy - - -y (4.101)

gobobooooobbbidd « 0000 yoUOUO yoUODOOO00on
gbbbddlw, 0bbboooobbboooaboo
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4.6. O 0O0O: ball and plate system

4.6 0 0O0O: ball and plate system

00000000000 0000O000O000O0 ball and plate system O O O
0000000000000 00DO0D00OD0 60 ball and plate system 0 0 O O
oooo

~

A

0 6 Ball and plate system

ball and plate system D 000000000 0O0OODOO

e XYZ0ODODODDDD L,I,L;0000 L,00 L,OOOOODODODOOO
0ooo0oog

(2,9,2)0 XYZ0OOOOOOOOOOOOO0O00O0O00O(l,ly,0)0 LyLyLs
0000000000000 DD0DO0OO

L, 0boooooo 0L, 00b0obonD 6000o0bobonoon
gboboooooobon

gbobooooobboooobbbuoooon

0,0, 000000000L, Ly, L; 000000 X,Y,Z000000
0oooog
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4. JOogbooboooooo

gbboogbbugdboobboobboobbooobobuoobbooon

gboboboooogbbooooobbodgo
ball and plate system DO O OO0 0000000 O0OOO0OO

&= [f(z) + g(z)u
0000

T = ($17 cee axs)T = (517527i17j2,91,92791792)T

U= (U1,U2)T = (51, éQ)T

T3
Ty
K (2w477 sin v + 21272 sin® 26 + 21282 + G cos 5 sin )
B K(—2x 2708 cOS g — 22307 SIn T + o272 — G sin xs5)
fz) = .
Ig
0
0
0 0
0 0
Kxosinzg 0
—Kzxisinzg 0
g(x) =
0 0
0 0
1 0
0 1
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(4.103)
(4.104)

(4.105)

(4.106)



gbobogoogn

I, =diag(J,J,2J): 0000000000
I, = diag(Jy, J,, ) : 00000000000
M:000000

R:000000

G:00000
M
K=———
M+ J,/ R

4.6.

00O O : ball and plate system

gboobogbobobbooobboobbooobbuooobooobbooon

gbobooggooboooboo

Yo = T2

(4.113)

00000000 y=(y,5)' 00000 ys= (ya,yee)’ 000000000
00 4w 0OOO0OO0O0O00000000000000000

gooo

gooo

(4.114)

(4.115)

O 00ball and plate system OO0 0000000000000 y,yo OO0
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4. JOogbooboooooo

gbbooogobboooobbbuooooboog

Y1 =1
1
4 =
yiz) = K(2z427 sin g + 2127° sin® zg + 1128 + G cos x5 sin )

+ Kxysin xeuq

Y2 = T2
v =4
yég) = K(—2z 2728 cOs 16 — 20377 Sin g + Tox7? — Gsin x5)

— Kz sin xguy

O00000000000000 Dz OOoOoooo

D(x) = < Kuxysinxg 0)

—Kzisinxzg 0O

(4.116)

(4.117)

00 D(x) 000000000 O0ODball and plate systemO 00000 {p1,p2} =
{2,2} 0000000000000 000O00DOO0O0O0OOball and plate system
000000000000 0ooooooon (4.102), (4.113)0 z=0000
gbbogggboboaogooboo
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z = Az + Bu

y=Cx

(4.118)



ooon
0 01
000
000
A:OOO
000
000
000
000
0 0
0 0
0 0
B:OO
0 0
0 0
10
0 1
0:10
0 1

o O O o o o = O

4.6. 0O0OO: ball and plate system
0 0 00
0 0 00
0 KG 0 0
—-KG 0 00
0 0 10
0 0 01
0 0 00
0 0 00

(4.119)

000O0O0O
000O0O0O0

godoodd yp,ye U000 ooooouooboguoooooon

000
1=
W =z,
y§2) = KGuxg
ZAB) = KGuxg
y§4) = KGuy

Yo = Xo
yél) = T4
W = —KGxs (4.120)
yég) = —KGZ'7
(4) _KG
Yo' = U1
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4. JOogbooboooooo

00000000000 D(x)0DD0O0O0D0OO0O0O0og

D'(z) = (_[O(G [i) G) (4.121)

00 D'(z) DOOOOOOOOOODball and plate system 000000000
(Ri,R} = {4,4) 0000000000000000p, =2, pp =2, Ry = 4,
R,=40000900000000000000O0O0O0ODOO0O 41, 4.3, 4.5,
4600000000O00DOODO

goon

£=(6,6,6,61,60,6,6,6)"
= (21, T3, Sin g, Tg COS T, Ta, T4, SiN 5, T7 COS T5) - (4.122)
oddoooououooououooooooouoooon
&g=6
- 2£563¢3 §ED°(&)° | &)’
1 g 25453 1 3
“ ( 1—(§§>2+ —@r 1-@r
+G 1—(£§)Q£§+§%£§u1)
&=64
. 1\2¢1
f= -1 - @ (4.123)
&=6
5’2:K(_ 261606 2046 | 8ED)°
i VI-@? Vi-@p - @y
&=6
. 52 25'2
£i=—f%(§32§2+ 1 - (&)
000000000 42000000000000(4.37),438)DooooOoO
g=300000000d

Gﬁ—&gm)

t =t (4.124)
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4.6. 0O0OO: ball and plate system
OO00O0Dogo

X = (X7, Xp, X7 X5)" = (&, &/7. 6.8/ (4.125)
Z=(21,2,, 2, 25)" = (§/7", &, 6/7", 6" (4.126)

gobboooobbbooooobboboooobbooooon

dXi

e

dX; _ K( N X32371 | XivA(Z5)*(Z1)? Xi(Z3)

dt' 1—ne(Z3)?  1—ve(Z7)* 7*(1—~e(Z1)?)

a1 -z + szllul)

az} 1

“ar T2

dz} ~ve(Z1) 2 Z1

€ d’2 =1 _( 2)2112 + 92/ 1 — ve(Z1)%uy
! velZi) 4127

dX? (4.127)
1 2

ar 2

dX3 _ (_ 2X1Z32, X737 N X7(Z3)?

dt! V2\/1 = ~e(Z3)? 1—ye(Z3)? (1 —e(27)?)

- GZ? - Xllleul)

022
“ar

dz; e Z°Z |,
— 1 —ye(22)?
@ 1oqaze Ve(Zi)
000000000000000000000000000000000000
0000000000

:Z§

u=—-D;'(X,Z,e)F(X,Z,¢)+ D3 (X, Z, €)u, (4.128)
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4. JOogbooboooooo

oo
0 21 —ve(Z))2?
Ds(X, Z,€) = K €2 (4.129)
V1 —e(Z7)? 0
ve(Z3)*Z] 171 1771
— ey T aZy + g2,
F(X.Z,¢)= ie(yZzQ()ZQIZ)f 272 | 272 (4.130)
Tz T agZy + a1z
Us = (u517u82)T (4131)

OD00Dwu(X,w,e)DOODOD0ODO0D0OD0OD0O0ODOODOZO0O0O0O0ODOOO MODOO
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4.6. 0O0OO: ball and plate system

gbobogoogn

0 1 0 0\ [T we 0 0

—ay —af 0 0 (X, w,€) 1 0] fua(X,w,e)
0 0 0 1 (X, w,€) 00 (usg(X,w, e))
0 0 —a —of 5 (X, w, €) 01
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éun = bn
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. Gui(§n, w)
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éu,nfl = bnfl([fll]}lfla ’IU) + fnfl,n([fu]:” w)éun + )\nfl(éua w)bn
éun = bn

O0000i=p,....n—100000
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0000000000000000000000000000000¢, (i =
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0000000000000000000000000000000000 5.1
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T = f(x,w)+ g(z,z,w)z + p(z, z,w)u (5.54)
i=u (5.55)
w = s(w) (5.56)

O00O0zeR" zeRiweR,veROODOODUOODDODOODDOOODDOODOOO
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o i=f(z,w) 000 w=sw)D 2 000000000000000000
000000000000 LyapunovOd O W(z,w) OO OO

W(0,w)=0 (5.57)
Wiz,w) >0, (¢#0) (5:58)
) — 00 = W(, w) — o0 (5.59)
%—fo(a:, w) + %—Z/s(w) <0, (z+#0) (5.60)
H%—Z/’ |z < K(w)W(z,w), CK(w)>0, for ||z >>M >0) (5.61)

e 00 p(x,z,w) O x 00O O linear growth condition 0000000000
0000000000 Pyz,w)> 0000 Pylz,w)>0000000

Ip(z, 2, w)|| < Po(z, w) + Pi(z,w)l|z] (5.62)
e w=sw)0000 w=0000000000

0000000000000 00000000000000o0ooooogd(e,2)
gbobogoogn

u=—p(r,z,w)z (5.63)
goog
lg(z, 2, w)|?
czow) =k 14+ 5.64
o(z, z,w) \/ e ( )
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pe(§)>k0000000000000DO00O0DO0OOODO0O0OOOO
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(5.68) 0000000000000
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(5.66)DDDDDDDDDDDDDDDDDDDDDD
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0000(.66)0 :0000000000000000O(5.66)0000 Lyapunov
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U(z) = %f (5.71)

0000000 U(:)00000000000000000
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(5.66)0 00000000 (5.67)000000000000000000 Kyax(wo)
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< exp(y2(20, wo) )W (0, wo) (5.79)
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» (6 = &ll < 0) (5.84)
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76(&0) = (2|20]/k + ~0(20, wo) + 71 (20, wo)) <”S|1|l<pM

Ox
0000(G9)000000000000]«z(r))|>M0O0000<7<t00
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00000000000 (h.106)00000000D0O0O0ODODOO
ya(t) = Usinwt (5.108)
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+ (& + 7T01(w))2 — (7T01(w))2 +c1(&1,w)) + ?;32 Wwy — ?;;22 wwi
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